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A Study on the AND-EXOR Minimum Expres-
sions and their Properties Using Representative

Functions of Four Variable
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ABSTRACT This paper presents a catalog of AND-EXOR expressions for representative functions of four- variable
NP-equivalence classes,

Minimality is defined as minimizing first the number of product terms and then the total number of literal in the
expression, Also, the properties of minimum expressions are discussed. Using this as a base, We compare minimum
expressions of AND-OR type two- variable circuit with minimum expressions of AND-EXOR type two- variable circuit
which used algorithm in this paper. As a result it was found that in the case of AND-OR type minimum expressions,
number of product terms is under 8, and in the case of AND-EXOR type minimum expressions all functions are
formed in which number of product terms is under 6, and generally number of product term is considerably small to
realize four-variable function toward AND-EXOR type minimum expression circuit,

Aigorithm suggested in this paper are realized on Sun 3/50, and through this, logic function under four-variable
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can get minimum immediately by a catalog suggested in this paper. As for five- variable function, we can do shanon-
development a part of the function with suitable variable, and by applying four-variable minimum of this paper on
this, it can be possible to get minimum in a short time and it can be said that it is possible to apply this method

to functions over 6 variable.
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H 3.1 AND-EXOR #/#%®mA
Table 3.1 AND EXOR minimun oxpressions
no. | fval T L N gale configuration
wcight = 0
1{oooo| o o] 1] o
weight = | u
210001 1| 4] 1| abcd
veight = 2
3(0003( 1{ 3! 1| abc _
40006 2| 6| 1] abc @D abd
510018} 2| 8}f 1{ abcd @ abed
6/0180| 21 8| 1| abcd @ abed
wveight = 3
r-=-=-=-= r--"-=-- "r"‘!’" """""""""""""""""""
700007| 2¢ 6| 1| ab @ 3bed
! 810016 3| S| 1| ab @® 3cd @® abed
910019 2| 7| 1| acd D abed
100118 3110 1| acd @ bed @ abed
1181 | 2| 7} 1| bed B 3bed
1210182 3110 1| abc @ bed @ abed
veight =
13jo000f{ | 2| 1| ab
1410017 f 3| 91 1] abc @ 3bd @ acd
15{000b{ 2| 6| 1| abd @ acd
16 |001e | 2| 5| 1| ab & acd
17(003¢| 2/ 4| 1| ab P ac
180068 | 3} 6| 1] ab @D ac ® ad
1910116 | 4]12] 1] ab @ cd @ abcd P abed
20 {0119 3110 1{ cd @ abed & abed
21 |011a| 3| 9| 1| abd P acd D bed
22 (0i2c| 3| 8| 1| ab @ acd B bed
2310168 | 4| 9| 1| 2ab D ac b ad D bed
24 /01831 3] 9] 1| abd GB_EEd @ bed
2510186:) 3| 8| 1] ab @D acd D bed
26 0183 2| 6| 1| acd @ bed
271101981 3| 71| 1| 3c @ 2d @ bed
28 |01a8 | 3| 8| 1| 2d D abc & bed
29 /03¢0 | 2] 6| 1| abc @ abe
3010660 | 4] 8] 3] ac D ad D bc @ bd
-30 | f99fr | 4] 8 ac @ ad D bd D be
31 | 0690 | 410 1| ac @D bc P abd & abd
weight = §
32100ttt 2| 6| 1| 2b @ abed
33/003d| 3| 8] 2| a @D abe P abcd
3 |ooeb| 3} 9] 1 §B @ 3acd B abed
35{011T ) 4 f12] 1| ab @D acd D bed @ abed
36 {01ib| 3] 9] 1| cd P abd @ abed
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37(011e| 3| 8] 1| ab & cd D abcd
38012d| 3| 9 1| ab @ acd P abcd
39(013c{ 3| 8] 1| ab @D ac @ abed

40| 0168} 4 {10] 1| ab D ac D ad P abed
41]016a{ 3§ 9} 1| ad @ abc & abed
4210187 8| 9| 1| ab @ acd @ abcd
43]o1sb| S| 91 1| ad D bed P abed
44101961 4]10] 1] ab D ac B ad P abcd
4510199 3| 8| 1| ac @ ad P abed
4610192 | 3| 8] 1] 2d @ abc D abed
4710129 3| 8| 1| 2ad @ bc @ abed

48 | 0taa| 2| 6| 1| ad & abcd

49 1 0lac| 3 (10| 1| abec @ abd @ abcd

50 10le8 | 4|12} 1| ab @ acd D bed @ abed
5110358 | 3}10] 1] abc @ abd @ abed
5210368 | 4|11 1| ab @ bc P acd @ abed
53703cl| 3| 9] 1] bec @ abc D abed
540661 412 1| ac & abd B bcd @ abed
S5 10662 | 4[11| 1| ac B ad D becd @ abced
56 106911 4{12) 1| ac @ abd B bed P abed
ST|{06b0| 4] 11} 1| ac € bc D abd D abed
S8 [ 1681 | S5|13] 1] ab @D ac @ ad D bed @ abed

weight = 6 ,

59 (003f| 2] 4| 2| a @ abe

60 {006 ! 3| 1] 2| a & abec @ abd
611007ef 3| 9{ 2| a @ abed @ abed
6210117 | 3| 8| 1| ab ® acd @ bed

63 (012f| 3| 9! 1| abc ® acd & bed

64 1013d| 31 1| 1| ab P ac P bed
65(013e| 3] 1| 2| a @ abc @ bed

66 {016b| 31 8| 1| ad @ abc D bcd

67 1016e| 410 2| a @ abc @ abd D bed
68 {018f{ 3}10| 1| ab @ abed abed

69 (0197 | 4] 9] 1| ab @ a¢ D ad P bed
7010196 | 3|-8] 1| ad @ abc & bed

71 {019e| 4|10 2| a @D abc @ abd D bed
72|01ab|{ 2| §| 1| ad ® bed

73 |0tad| 3| 9| 1| abc @ abd @ bed

T4 [0lae| 3] 1] 2| 2 B abd & bed

75| 01bec | 4[11] 2| a2 @D bc @ abcd D abed
76 {01eS | 4112 1] ab @ cd @ abecd P abed
77 |0lea| 310 1] ad @ abcd @ abed

78 1033c|{ 3| 6| 2| a @ bc @ abe

7910356 | 2| 4| 1] ad @ be

80 (0359 3| 6| 3| ab@® ad ® be
B0 | fcab | 3| & be @D ad @ ab:

81{03% | 3] 6| 2] b @ 3d @ abe

82103691 3| 711 1] ad @ bc @ abe

831036a| 3| 8} 1| ad @ abc @ abe

84 [036c| 3] 8| 1| 2c ® abc @ abd
85103c3) 2| S| 1| bec ® abe

86 [ 03¢5 | 3] 7] 3| 2c ® bc @ abd

-86 | fc3a| 31 1 ac ® bc @ abd

87 |03c6| 3| 8| 1| 3c @ abc @ abd
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88 (03dd | 4| 9] 2| 2 @D bc @D 3bd @ acd

89 103d8| 3| 9| 1 abc @D abd P acd

90 | 0663 | 4| 8| 2| c D ad D bd D abc

910666 | 4| 8] 21 c P d D abc P abd

9210669 | 4|10] 1| 2c P Bd P abc P abd

9310672 4 9| 2| a P bd D abc D 2acd

94 | 0678 ) 4 |11] 1] ab & abc @ abd @ acd

9510693 4| 81 2! ¢ @D ad D bd @ abe

96 (0696 | 4] 9| 2| ¢ @D bd P abc P 3abd

97106bl{ 4] 9§ 2| 2 P bd P. abc P acd

98 |06bz | 4] 9{ 3| ab P be @D bd D aed

-98 | f94d | 4] 9 ab @ bc @ bd D acd

99 [ 06bd | 411 | 1| ab @D abe D abd & acd

100 [o670| 3| 8! 1| ab & abc 6 abd

101 joTb0} 4 (10| 2! a @D b D abed @ abed

102 |07e0| 4 }10] 2] a D b P abed D 3bcd
10371668 | St 14| 3| ab D abc D abd D acd B bed
-103 | e997 | 6|12 AaDDLD cD dD abed D abed
104 | 1683 ] 4|10 1| ad @ bc & abc P bed

105 (1686 { 4 [11| 1] cd D abc P abd @ bed

106 {16897 S |12 2] a@® ¢ @ bd D abcd P 3abed
107 | 1698 4 {12] 1| abc D abd D acd D bdd

108 [ 1781 | S{12] 3| ab D ac D ad @D bed @ bed
-108 | e87e | 5|12 ab @D ac D ad @ t~d ® bed

veight = 7

109 [007f ]| 2 S} 2] 2 @ abed

110013 | 3] 8] 2| 2@ abc D abed

1y joief | 411 20 a@® abe ® abd @ abed
112]017e ] 3] 8| 2| 2 @ bcd P abed

113 (019f | 411} 2] 2 @ abc @ abd @ abed

114 |otar] 3| 8} 2| a @ abd P abed

115 10tbd | 41| 2] a @ abc D bed @ abed

116 |[0lbe | 3| 8| 2] a @ bcd D abed

117 oteb| 3] 9] 1| 2d D bcd D 3abed

118 {0lee| 3| 7| 2| 2 & cd @ abcd

1191033d| 4|10} 2| 2 D bc @D abc D abcd

120 0357 3| 8] 1| ad & bc @ abecd

12010350 | 3| 9] 1| bc & abd b abed

122{03% | 3| 8] 1| ad @ bc @ abed

123 {036b| 4|11 | 2] b D abec @ acd D abed

12¢ |036d | 410 2] 2 €D bc @D acd D abed

125 1036e | 410 2| c D 2ad D abc P abed

126 {037c | 31 1] 2| 2 ® bc @ abed

127 103¢7| 3| 8| 3| 3c D bc @ abed
-127 | fe38| 31 8 bc B ac @ abed

128 [03d5 | 3| 91 1| ad @ abc @ abed

129 [03d6 { 3| 8] 1| ad @ bc @ abed

130 {0349 4{10] 2] a @D bc ® abd @ abed

131 {03dc| 3| 7| 2] 2 & be @ abed

13210667 | 4{12) 1| ac ® abd @D bed @ abed
1337066b| 5|12 2| ¢ @D 2d D bd @ abc @ abed
134706731 4 (10| 2| 2 ®D be @ abd @ abed
13510676 | 4 |10] 2| ¢ ® bd P abc B abed

136 {0678 | 4{ 9f 2| a @D bc D bd @ abed
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S

1377067 ] 4|10} 2| 2D bd P abc P abed
138 10697} 411 | 1| be P bd @ acd @ 3abed
139 (06b3 | 4{10) 2| a ® be ® abd @ abed
140 J06bS | 4 [10}] 2| 2 D bd P abc P abed
141 {06b6 | 4|10] 2| ¢ D bd D abc P abed
142 }06b3 | 4] 9] 2! 3 D be D bd @ abed
143 ]06ft{ 4| 9] 2] a @D b D bcd B abed
144 |o6f2 | 3| 8] 1| ab P bed & abed
14507781 4| 8| 2| a P b P cd P abed

146 1 07bl | 4 (11| 3| ab P bd D acd @ abed
~146 | f84e | 4111 bd D ab P acd D abed
1471004 | 4| 9] 2! a D b P acd @D abed
148 10%el | 4| 9] 2] 4P b P acd @ abed
1491072 | 4 |11| 3| ab D 2d D bcd D abed
-149 1 f31d | 4l 1) be @ ab P acd @ abed
150 {0710 | 3! 6] 2| a @ b D abed

15011669} S| 81 2] a@Db@BcPDdD abed
152j166a | S|11| 2] a D d P bc P abc P abed
153 11687 ) 4]10] 2! b D cd B acd @D abed
154 [ 168bf 411} 1| ad €D bc @ acd @ abed
155 168e| 4 |11] 1| bc P bd B acd @ aved
156 | 16961 4! 11 21 b @B c D d D abed

157 /1699 4! 8| 2| ¢c D d D ab D abed

158 1 16%a| 4| 8{ 2| d @ ac B bc P abed
15 | 1629 | 4| 8] 2| a D d D bc P abed

160 | I6ac | 4|10 3| ad @ bd @ bc D abed
~-160 | ex33 | 4|10 ad @ bc D bd D abed
160 017830 4{12] 1! bc ® abd ® acd @ 2abed
162 [ i789 0 S |13 21 a@® cd @ abc @ abd @ abed
163 {1798 4 |11} 1| ab D cd D bed @ abed.
164 1 19et | 3! 8| 1| ab D cd @ abed

weight 3

165 {00ff ] 1) 1 a

166 J 01T | 34| 9 a & abcd P abed

167 {0Ibf | 3] 9 a @ abcd P abed

168 | Otef | 3| 1 a @ acd D bed

169 | Olfe| 2| 4 a @ bed

170 {033r | 3| 6 ab @D ac @ be

1710357 3] 7 2 @B abc @ abd

172 | 036f | 3| 1 ac @ bc @D abd

173 ]037d{ 4 {10 a@® abc @ abd P acd
174 | 037e| 4| 9 2@ bc® abd @ acd
175 1 03ef ] 21 4 ac D be

176 | 03d7{ 4|10 a ® abc @ abd @ aed
177} 03db| 3] 8 bc @ abd P acd

178 {03dd | 3| ? a @ abc P acd

179 | 03de | 3| & a® bc @D acd

180 | 03fc} 2| 3 a ® be

181 | 066t | 410 ac @ bc @ abd B abd
18210677} 4 (10 a @ abec B abd D acd
183 {0670 { 4] 9 2@ bc @ abd D acd
184 | 067e} €| 9 ab @D be D bd D acd
1851 069r | 4} 8 ac P ad ® be D bd

186 | 0607 | 4| 9 2 ® be @ abd D ac
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A, Az dg
=] Literal 2] 3}

A& st 9} Table3. 10 o) & A
4 24 ESOPel $5 A#l4]3

(A9 31) 484 =2|&dF f(a, b c, d)E
Hirgroz AMsd f=Pabed V Pabcd V
Pabcd-V Paabedoleh = Al4e] o P, P,
Py PoZ 1681 E 2442 ¥ 489 16448
F83c} ol AE FolA =4 164 x4
olgti o}, ® Pi=10=0, 1, 2,--, 15) & 5|i=
Piol A% &4 fol Faf(weight)ehn geh
2 4 ESOP9| F & cbg 6709 wHU@) ol o &l 4
FA4= o ek

1) R
sh2idE gtae 164 1d
w3 A g

v} 4 : Literal 4~¢] %3}
-1

50 gl

= o] kol oahAM L (group) o 4
2 ow) x4 ESOPel #i: o]-g»sw

S
AA — e B
Zo)zl 484 6DL-’F~94 AND-EXOR # 4 “=2]4

g A ek,

no
4
o
rir

°
f
£
al

3 gkct

(a) a9 FeF=89 o)

(a-1) ¥4 A& o Haeo v 23&
el 24 167 FTHE & 4 vl 1

(a-2) o] a9 164 Ldol osis] TH
AQ et sltdks H4a ESOPE ol =}

(a-3) oA 4 ESOPo chal 4] (a-1)of 4
T3 A3y Badol oW Pl FolAl

134

(b-2) 4718 a-1), a-2), a-3)F P33}

(b-3) &F9| 3o FAY FYo A
ofef o] Mg sl ol o8 Ut HA
ESOP% od&=¢t

#81: 44 1% EXOR%T

432 : Literal 4 12| &% ¢lole] 7|49
A A& AKM

S83 . —(vlol &) 4B 4 ESOP
W oaerh

(ol 31) f= =abcd V abed V abed V abed V
abcd V abed
(1) o] 3429 Fake 6, 164 T8 81470]
E}-_
(2) o) &haroll of 8l 4
i) w49 %3t a>c, b—a, c—b
i) W4 b, do] A& sl Al ofsl
#HA 167 28 06b2& 2+
(3) #£3% o6, 167 39 0be4 Pog

-],
f=ab ® bc ® bd ® acd (3-1)
"8 \i T ']‘
(4) (3-Doll a4 (2)9] At =
i) Ha b, del §&
i) W] A& a>b, boc, cras sk
Ao & HE Fola 49 FH4 ESOP
f=bc ® ac ® cd ® abd

[e] T g
£ A=)

(ol 32) f=abed V abed V abed V abed V
abed V abed V abed V abed V oabed V oabed

(1) o] &+42) 162 #38-2 5fce, T 100]2
2 4% Hai 164 38 a039(FH 6)5
od =k,
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#® X/444 NP g HIP4§ ol43 AND-EXOR B/IHEAS 1 Ko ¥ o7

(2) o] &4ol oalA
i) W49 x3 boc, c—d, d—b
ii) W4 b, col £Aol ol Hxe 164
$3 03598 v
(3) 4839 2% 6, 167 38 03599 ol
o3 A
ab ® ad @ be . (3-2)
5 =t}
(4) (3)e 34 FAHY KL 30122 (3-2)
o BAHE (=) Higdog ¥

bc ® ad ® ab (3-3)
& deo,

(5) (3-3)oll cHall A (2) dHEE s+ Aol
ol& A ESOP f—bdéBaceBaa-% d =}

V. dds % A

¥ 41& W4 345 ESOPR 28317 93t
of adt g 3 2 Aoy FHY 4
U+ st MEELE 343 evmE 87
$3led AND-ORY #xi=2]4 o s 433
A FA et o] Foll 3 ESOP A S+

¥ 41 AND-OR¥ 4 i¥2|4 3l AND-EXORY 24z
AolA Adsle 4 4o K via
Table. 4.1 Compare AND-OR with AND-EXOR number
of four-variable function

AND-OR AND-EXOR
Ads | HEPs | GER | AT | SHEK
R S LR
0 1 1 1 1
1 5 81 5 81
2 21 1,804 27 2,268
3 7 13472 121 21,744
4 156 28,904 200 37,530
5 98 17,032 46 3888
6 3 3,704 2 24
7 10 512 - -
8 3 26 - -
& A 402 65536 | = 402 65,536

8471 6 o] slol 4] AND-OR 7 ¢+ A
7} 8 oldtollA BE d47l AAs e Qe
HubA o 2 ESOP2] Zo| 44 342 Ad
= F3 2‘1 471 A4 HAohe AL ot
Ak ol AL a o4 e A=
4 getn -’.‘—i‘ﬂu} g4 olau Ee g4

I«

|

2 LU iy

% 8¢ 47 ek 54l :nsw-‘: U9
&4+ 494 W42 Shannon AL of 3ol
4 H29e A gahe Aol o) w4kl
: Aol shsaie] of WL 64
A= Agatt Aol saictn 4%

2
ox
Lo
e
3

V.2 E

2 =xollAE 445 NP $AF 349
AND-EXOR¥ #4 =84S t3ow =3
dofA A4 =elAle] Ao e g
45 o3t F4al 65536702 A4 NP
A A4 402709 ) E34E AND-OR
§ 28 =@ and dch 2 A3
AND-EXOR 9] A%+ H3Z47) 6 o] ol A
A4S whxdol AND-ORE & 4347} 8o shol
A 2E G4st A4se] AsHoz AND
EXOR %8| %o| 448 ¥ shee] 4847}
Y4 AThE AE o 4 Aok w44 AL
welae] A4 Folt oz 30 kel
2 ol f% A% 2 4 oUctn 47w
o 3% wasze HiAel BEAL oln)
Eeaug ARGl dovl WAl §ohFelth,
2% BAzAL 494 AND-EXOR 24
w0 ol g SuE ole wel GaE
Aekshahis e Aol welH

www.dbpia.co.kr



G E(F%&E'90—-2 Vol. 15 No. 2

$ETR

1. B, PhW. Besslich, “EXOR Array {+ PLA ##%
E", RTEE%a FTS #%ea FTS 86-17, 1986-1
1, 1986.

2. KL, Mk, “CCDE o] &8 chal=e}g 2 o A el
3} Tabular &", ¥FFAS &3 vol 13, no.
5, pp. 411~421, 1988.

3. L. Hellerman, “A catalog of three variable OR-Inv-
erted and AND-Inverted logical circuits”, IEEE Trans.
Comput., EC-12, pp. 198~223, 1963.

% i# M(Hong Bok SONG) (F@f]
19564 4 f11411¢
19834 2 H I SR ABE | s 18
B
+ 19854 2 B 1 £ KM KBS B (L
1 ME A (TR L)
19856E 9 A ~BifE | B& L EHMARE

s . e BT 3415
g 19867 3 F1 ~ B ¢ I APREE KRR

B FLBE W LRE
1989% 1 §~1989%.124 @ RARM Ik B M58 LAH &0
HRA

4. CR. Baugh, CS. Chandersekapan, R.S. Swee and
S. Muroga, “Optimal networks of NOR-OR gates for
functions of three variables”, IEEE Trans. Comput.,
c-21, pp. 153-160, 1972.

. JN. Cuniney, M.H. Young, T. Nakagawa, and S,
Muroga, “Results of the synthesis of optimal networks

[*2}

of AND and OR gates for four variable switching
function”, IEEE Trans. Comput., c-27, pp. 76~85,
1979.

6. MFF, HEA, NEE, 4B FE3M K NAND [ ¥,
FREAL B85 % 25%, pp. 188, 1968

4 88 #2(Myung Ki KIM) L&A

19304 1 B25H4:
©O1958% 6 A 1 KR BE TEHAR R
19662 H AT KR KB BT
BRI g (LA &)
19764 2 B WO KBBR AL LT
' BEL (TR )

§ h 19547 2 B ~ 1969%° 3 A | f# L7 B
- B
1969% 4 A ~ 19724 2 H | IMEC® (kA &t $1
19723 B - B - R A THEAS BT LARK

ABE I - B L

www.dbpia.co.kr



