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Tracking Controller Design Using Delayed Output
Feedback For Systems With Stiff Nonlinearities
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ABSTRACT TIn this paper, a method is presented for designing a tracking and disturbance rejecting controller for a
nonlinear control system in which approximate linearization is not applicable due to a stiff nonlinearity. Only the
measurable variables are used for the controller synthesis, The system is augmented by a compensator at the output
side for the tracking and disturbance rejection. An output delayed feedback controller is designed for the augmented
system without nonlinearity. Then the feedback parameters are adjusted by describing function method to overcome

the limit cycle due to the nonlinearity.
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I. Introduction

Linear systems are idealized versions of
practical nonlinear systems by neglecting
nonlinearities when the nonlinear effects are
small. In other words, linear systems possess
the property of linearity only over a certain
range of operation in practice, All physical
systems are nonlinear to some degree, Coulomb
friction, saturation, hysteresis and limit cycles
are common In practical mechanical control
systems, But the analysis and design of non-
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linear systems are complicated because there
are many simplifying properties which are not
valid for nonlinear systems.

Of the available methods for anatyzing
nonlinear systems, the describing function
approach which is applicable to any order
system Is the best one to investigate stiff
nonlinear systems™®® This method makes the
problem simple by assuming that the input
to tﬁe nonlinear system is sinusoidal and the
only significant frequency component of the
output is that component having the same
frequency as the input. There are many app-
roaches of design of nonlinear feedback control
systems using describing functions, Dither
technique, reduction of the system gain, add-
ition of phase-lead network and the introduc-
tion of rate feedback have been used to make

www.dbpia.co.kr



o

Al wiAd )8

o

%t

v

o Alawle] A b el Fed AlehE o] 88 FFAlod vl o] A

the system stable. But since the describing
function analysis is an amplitude-sensitive
method, each of the methods has its own
difficulties®™® Also the main concern is the
elimination of limit cycles.

In this paper, a method is presented for
designing an output feedback tracking and
disturbance rejecting controller for a nonlinear
control system when only partial state variables
are available for measurement. To achieve
tracking a reference signal and rejecting dis-
turbance signals which are given by differential
equations the system is augmented by a com-
pensator at the output side. Removing the stiff
nonlinearity from the given system, an output
delayed feedback controller is designed for the
resulting linear system by minimizing a qua-
dratic performance index,

Using these parameters as intial values, the
feedback parameters of the nonlinear closed
loop system are adjusted by the describing
function mthod to overcome the limit cycle

due to the nonlinearity.

II. Problem Statement

Consider a single input single output nonli-
near system of Fig. 1

gy(1) | o2t
1) 1 iy ()

Fig. 1. General nonlinear systern.

where L,(s) and L,(s) are transfer functions
of linear elements, N is the nonlinear part, m
(t) and n(t) are the input and output of N,
u(t) and z(t) are the input and output of the
system, d,(t) and d,(t) are disturbances. The
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nonlinear part N is given by

n(t)=a m(t)+f(m(t)) (1)
where a is a real number and f i1s a nonlinear
bounded function of m(t). The linear parts
are represented by

)kl(t):Al Xx(t)+B1 u(t)+E1 dl(t) (2)
yl(t):C1 Xl(t) (3)
m(t)=D, y,(t) (4)
and

).(z(t)=A2 x%(t)4+B, n(t)+E, d,(t) (5)
Vo(t)=C, x,(t) (6)
z(1)=D, y,(t) (7)

where x,(t) and x,(t) are n;X1, n,X1 state
variable vectors, y,(t) and y,(t) are m,x1,
m, X1 observable variable vectors, d,(t) and
d,(t) are k,x1, k,x1 disturbance vectors. Let

x(t)= [:Xl(t)J y(t)= [YI(t)]
X,(t) y.()d  (8)

d(t)=[d.(t)]
dy(t)

n=n,+n,
m=m,;+m,
k:k1+k2'

Then the whole system can be expressed by

x()=A x(t)+B u(t)+E d(t)+G, (G, x(t))

(9)
y(t)=C x(t} (10)
z{t)=D y{t) (11)
where
343
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By removing the nonlinearity, that is,
G, f(G, x(t))=0 (12)

we can express the hnear part of the general

nonlinear system by

x(O=A x()+B u(t)+E d(1) (13)
y(t)=C x(t) (14)
z(t)=D y(t) (15)

Let z.(t) be the reference mput vector which
the output vector z(t) 1s to follow. It is assu
med that the elements of z.(t) and d(t)

satisfy the same differential equation

+a, w +a, w=0),
(16)

WP tap, WP U4

Initial conditions are not known a priori and
independent of each other for each elements
of z(t) and d(t).

The problem is to synthesize a feedback
controller, using only the observable variables,
such that z(t) of the system (9 11) follows
z:(t) without error in steady state for all
disturbance signals d(t). For this objective any
limit cycle should be removed if the given

system has a self-excited oscillation.

[lI. Tracking Controller Design
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The design method in this paper to meet
the control objective is a two-stage process.
For tracking and disturbance regulation a
compensator s added to the linear part (13
15). Then quadratic optimal control theory 1s
applied to the augmented linear system with
welghting matrices which are chosen so that
the system performance requirements are
satisfied. Reqirement of all state variables for
the above controller 1s overcome by using state
variable reconstruction. Then this tracking
controller, which 1s designed for the linear part
using measurable outputs and their delayed
values, 15 applied to the nonlinear augmented
system,

In case the response of the system does not
have a limit cycle and the transient behavior
15 not desirable, then the weighting matrices
are changed to meet the performance requn
ements. If the response has a limit cycle the
describing function method is used to eliminate
it

1. Augmentation of the system
Let the reference input vector z.(t) and
disturbance vector d(t) be given by the foll

owing state equations,

X (£)=Ar x(t) (7
ze(1)=Cp xp(1) (18)
Xq(t)=Aq xq(t) (19)
d(t)=Cq x4(t) (20)

Also let M; and My be the minimal polynom
als of A; and A4, and let Myy be the least
common multiple of M, and My. Denote

Mrd(5)=5p+ap 1 5P l+ ’ N +a1 S+a0 (21)
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For tracking and disturbance rejection a com-
pensator which is defined as®

Xe(t)=Ac Xc(t)+Be (z{t)—z(t)) (22)
where
0 ] 0 -« 0 ()
0 0 1 - - 0 ()
A=
0 0 o - -+ 0 1
L.-a, -4, -a, - -+ Qdp. dp
(23)
0
0
Be= (24)
0
L1

is added to the system (13-15) as in fig. 2.

Disturbance Relerence
(19-20) (17-18}
d(1) 7,
u(1) S)’S‘L"“—. z(1) vy~ e [Compensalor Xl
™ (1315 ‘—'-:O—""' (22) g

Fig. 2. Augmented system.

Then it is well known® that the augmented
system (Fig. 2) which is expressed as

Xa(t)=Aa Xa(t)+Ba u(t)+B, z(t)+B, d(t)
(25)

Va(t)=Cq xa(t) (26)

z(t)=Dy va(t) (27)

where
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Xalth= [X(t) 1 yalt)= !:y(t) “J
Xelt) velt)
A= [A 0 ] Ba= [B :I
B.DC Ac 0
Bl=[() :l Bz———[E] Caz(:C ()]
-Be 0 0 1

Daz[ D O]

has a stable control law which guarantees
asymptotic tracking and disturbance rejection
if

rank {AI A BJ =n-+1 (28)
DC o

for all A’s of spectrum of A.. In other words,
as long as the linear part is concerned, there
1s a stabilizing control

u(t)=Ka xa(t) (29)

where the constant feedback parameter K,
1s given by the cost

J=1, [%aT(t) Q Xal)—+r u?(t)]dt (30)

The weighting matrix Q and r are chosen such
that the output responses meet the required
performance of overshoot, settling time, etc.

2. Elimination of a limit cycie

The next problem is a limit cycle which the
output of the nonlinear system (9-11) with
the augmentation (22) might have, For this
case the describing function method" ® is
applied to eliminate the limit cycle. Using the
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Nyquist diagram or the gain phase plot, the
existence of a limit cycle in the nonliear sys
tem can be investigated by the locus of the
describing function N(M,w) of the stiff non
linearity and the locus of the remaining linear
part L(j) on the complex plaﬁe_ In order to
eliminate the hmit cycle, the locus of L{(jw)
should be changed to avoid an intersection with
tht locus of -1/N(M,w) by adjusting the
feedback parameters of eq.(29). But the control
input of eq.(29) requieres the entire state
variable which is a difficult problem in practice,
Augmented state variable x.(t) is observable
because it i1s defined externally. State variable
x(t) is reconstructed from the observable

)

vector y(t) and its delayed values,

IV. Example

Consider a simplified model of a typical
second order d.c. motor position control system
shown in Fig. 3. The nonlinearity is mainly

due to Coulomb firction,

dix) dt)
u(t) + + 1 |w{t)yr )
2l _N[__”OO - —: — 15 >y (1)

Fig. 3. Nonlinear system with Coulomb firction.

It is desired that the system output variable
g(t) tracks a ramp reference input. A const-
raint is imposed that only the output variable
1s available for measurement. It is obvious that
the output feedback alone will not be able to
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make the system stable. Therefore,the proposed
output feedback control is implemented as
follows. Let the output variable angular
position g(t) be x,(t) and w(t) be x,(t). Then
the system equation is given by

X(t)= [0 IJ x<t>+[() u(t)+[1 d(t)
0 10 100] . J
[ 0 ] (31)
—100fa(x,)

where f,( - ) represents Coulomb friction, For
simulation let the sampling time T=0.01 sec.
Then the linear part becomes

x(k+1Y=]1 0.0095]x(k)+ O.()()48]u(k)
]:() ().S)()48jl .9516
+[0.01 d(k) (32)
{().()()95]

Suppose the reference input z:(t)=ry+r1, t,
disturbance input d(t)=d,+d, t, then the
compensator is given by

)‘(c(t):Ac Xe(t)+Be e(t)
=|:() 1] Xc(t)+[0 ]e(t). (33)
0 0 1

But the corresponding sampled version is

expressed® as

Xc(k—f-l):[l 0.017 xc(k)+ 0 Te(k)

0 1:] Lo.m] (34)
Whithout nonlinearity the state equation for
the augmented system is given by

Xa(k+1)

=[] 0.0095 0 0 0.0048
0 09048 0 0 [xa(k)+|0.9516 | u(k)
0.01 o 0 1 0

0 0 1 00 0
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+T7 0 0.01
0 1z(k)+ [0.0095 |d(k) (35)
0 0
-0.01- 0
yalk)=T1 0 0 0
0 0 1 0]xak) (36)
00 01
zk)=[1 0 0] va(k). (37)

Subject to the cost of

=3 (%" (k) Q xa(k)+r vi(k)] (38)
Q=diag [ 0 0 1000 10 ]
r=1

the feedback gains are obtained as

u(k)=Ka xa(k)
=[—2259 —0.1316 —12.07 —29.54 ]
xa(k). (39)

Since x,(k) is not available directly it is rep-
(4

laced by

X,(k)=95.08 y(k) —95.08 y(k—1)
4+0.4917 u(k—1) (40)

Then the observable signal y(k), its delayed
value and externally added state variables x,
(k) and x,(k) are used for the control of

u(k)=—14.78 y(k)+1252 y(k—1)
—0.06473 u(k—1)
—12.07 xa(k)—29.54 x,(k). (41)

The feedback system is given in Fig. 4.

The output response without nonlinearity to
the unit step reference input is shown in Fig.

Fig. 4. Output feedback nonlinear system,

5. But the response of the nonlinear system
with Coulomb friction to the same feedback
gains of eq. (41) shows a limit cycle which
1s not acceptable as shown in Fig. 6,

Fig. 6. Output of the nonlinear system for unit step refe-
rence,
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But the modification of the parameters as

ulk)=—18 y(k)+125 y(k—1)
—0.06473 u(k—1)—25 x4(k)—25 x,(k)
{(42)

eliminates the limit cycle as shown in Fig.

7.

" j ...... . ; T P
R ‘sec

0 2.0 4.0 6.0 8.0 19.0

Fig. 7. Output of the nonlinear system with modified
parameters for unit step reference.

H sec
.0 2.0 4.0 6.0 8.0 10.0

Fi

ig. 8 Output of the nonlinear system with disturbance
dity=ult~6).

Disturbance rejection is shown in Fig. 8 when
a disturbance of step type 1s applied at t=6

sec. The system response to the reference input
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of z.(t)=14t 18 shown in Fig. 9.
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i 29 4.0 5.0 30 130

Fig. 9. Output of the nonlinear system for reference z.(t)
=14t

But the control of eq.(42) is not robust with
respect to the output measurement accuracy.
In other words, when there is an output
measurement accuracy limit, the property of
reducing the amount of error in the output
signal for a linear system® with increased time
delays in the control does not hold for a

nonlinear system,

V. Conclusion

A design method of tracking and disturbance
rejecting controller for a system containing a
stiff nonlinearity is presented. It is a two stage
process. First, without nonhnearity, a servom
echanism problem is formulated and then a

feedback controller is designed producing an
acceptable output response, The next process
1s elimination of a limit cycle which might
occur due to the nonlinearity for the same
controller, This elimination is done by changing
the feedback parameters using the describing

function plots.,
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Although this method involves plots on
complex plane and numerical analysis, these
are inevitable due to the nonlinearity. Except
these the proposed method is straightforward
and easy to implement,

For ill conditioned plants which are generally
difficult to control, it is also hard to find
suitable feedback parameters numerically. Much
works are necessary for the case of ill-cond
itioned plants from the viewpoints of sensitivity
problem, robust control, etc.
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