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ABSTRACT

In this paper, a new and easy analytical method to get the Fourier transforms of a popular type
of truncated raised-cosine function and its powers (n=1,2 3,-+- : positive integers) is proposed. This
new method is based on the concept of the (1+D)?-type partial response system, and the procedure
i1s more compact than the conventional method using differentiations. Especially, the results are
obtained as a sum of three functions which are easily manageable for each power. And they are
recursively related to their powers. Therefore, they can be excellently applied to the
computer-aided numerical solutions.
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[ . Introduction popular analysis tools for the communication
systems. One can easily find some derivations
The Fourier transform i1s one of the most in the literatures on communication theory
*Hled KB Al T TR R 131 And also, some numerical solutions for the
Dept. of Electronics Eng., Mokwon Univ. 5
*,miﬂ__}\.,-}l_& P Ii}?fl%:}ng transform have been developed!*5), .
Dept. of Electronics, Yonsei University But there exist many functions used in theor-
oL &R 92~ 4 (71992, 9. 1D
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etical areas which have no such transforms. And
there are some functions used in practical
systems which have their unique transforms that
are very complex and not easily derived from the
conventional methods. The truncated raised co-
sine function, so-called, 1s one of such functions
and it is more difficult to derive the Fourier
transforms of its powers,

A method by consecutive differentiations can
be used for them' . But the procedures are tedi
ous, and the higher the orders of them are, the
more tedious and difficult the procedures must be
carried out. We present an easy iterative method
to derive the Fourier transforms of the truncated
raised-cosine function and the n-th order powers
of 1t using the (1-+D)“type PRS system struc
ture,

The PRS (partial response signaling) is a trans
mission method for digital data using the corre-
lation concepts between the input samples. A um
filed study of the PRS systems has been
presented by Kabal and Pasupathy ®. Their
generalized PRS system model 1s well applied to
the various baseband and modulation schemes. In
particular. the combination of the correlation
polynomial (1+D)” and MSK{mimimum shift
keying) scheme, known as TEMitamed fre
quency modulation), seems to stand out as the
most  promusing  bandwidth efficient  signaling
scheme 1n a sense

Throughout this paper. we define the nth or
der powers of the truncated rased cosine
functions with uniform amplitudes. And we de
rive a recursive  formula for  the  Fourer
transforms  of them using the method of
constructing appropriate bandhinuting filters for
the (1+D)" tyvpe PRS svstem structure,

For Comparison, the procedure of the conven
tional method using consecutive differentiations
1s also presented briefly for the 1-st and 2-nd or

der truncated raised-cosine functions.

30

II. Definitions and a Brief Review of the
Conventional Methods

At first, we define the Fourier transform pair
as following, which has been used in many
Iiteratures on communication theory™'# |

(Defimtion 1 : The Fourler transform pait)

The Fourier transform of a time domain func-
tion x(t) is defined as a frequency-domain func-

tion
X{£)=]""x(t) exp(—j2zft) dt (1)

and the inverse Fourler transform of the function

X(f) 1s given by
x(0)= 17 X)) exp(j2xft) df

And we define the n-th order powers of the
truncated raised-cosine function as followings,
which present the system functions of some use
ful communication systems!" -,

(Defirntion 2 : The nth order powers of the

truncated raised cosine function)

gn(t) = f)\ [14cos ’;t I TT¢ :tjr) for n=1,2,3--- (2}

From this definition, our functions have the
same amplitude A for all n==1,2.3,---, and it can
be shown graphically as Fig.1. The 1-st and 2-nd

orders of (2) are given by

A ety b
gilt) =" [1+cos 7 ]][(27_) (3)
and

A : bt
go(t) 1 L1+cos i 11« 27) (0

respectively,

We can get the Fourier transforms of the
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Fig. 1. The nth order powers of the truncated
raised cosine function.
{a) the 1-st order function

(b} the nth order function

functions (3)  and (1) using  consecutive
differentiations as m® .  The first  three

derivatives of gi(t) are sketched in Fig.2 and we

have
dgitt) ALy ot eyt

At = 12)(7)5111 . I](ET) (3)
dgilty S Ty oot t

dt Ly e e, (6)

degit) A F SN ¢ t
dl (2)(T)sm_r [](,_)T)
O T S = Y (T
et T i T

dt—7) )

e Nester: Caticert A Recutsive Fornauky

Fortunately. if we check the first and third
derivatives, we can see that the first term of the
third derivative can be written by a constant mul-
tiple of the first denvative and the remaining
terms contain the shifted impulse tunction only.

Therefore, (7) gives

(2nf) " Git) = = U T e G +2 0 )
Ty s (Onf
C) s (2xfT) ()
~9/ M
r A
r 2
V4
0 t
T T

~ G0

1 1
1 1
1 I
1 t
[ ! Y
I'd
- 0 T t
"
~ 9 (t)
e
By (%)
Afryz -
2P
?
s ~ ‘t
Fig. 2. Derivatives of the function gilt),
31

www.dbpia.co.kr



R A Ll 92 T Vol 1T Noll

and after a few steps, we have

Gi(f) = D7 sinc (2fr)
1 —(2f7) (9)

where

sine () - ST
7l (10}

The procedure 1o get the Fourter transtornn ot
the 1 st order tuncuon gi(t) 1= scemoed to be rela
tively simpic, But for the 2 ad order fonction g
(1), the s=cenaro s quite ifferent, The st

three derivatives of g:(t) are given by

. . )
dg (1) (T »m’ﬂ 1 ,l Vsin =T
dt 2 T T - T
[
e, e
; - )
dogr) ( } POT ) cos T s T
ot = T T T
t
l ]' s ) 1)
(1) CA L, T 2
d gt (‘,}H”J“smr[ o -
dt 2 T 7
e, i

respectively and they are sketched o Thglil
Although the consecutive differentiations are ¢
riedd out upto anyv order, we have no torms more
compact than (1300 That s ta say, 4 compirisot
of (11) and

hraces will have more unmatchoed coclniciont =,

even if the differentiations are performed more

and more, Substituting (11 mnto (13, we obtam

dg(0) . 7 /

A (B ‘15>~~1‘t” SOk

ct T ¢ -7 (GRS
where

32

130 reveals that the two ternms i the

Y aip TE b
k(t)*&ln - [T( 2_’_) (13)

and which is transformed as

Kify M Gneofe
|~ (2fr) (16)

We now have the transform of go(t) after a
tedions process of calculations with (14), (15)

and (161 The result 15 obtained as

: AT O
G Lo sinc(2tr) .
L) S (2t [

As the order of powers of the function m (2 15

A

Fig. 3. Dorivatires of Ure tanction g 01
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increased, the forms of k(t) and K(f) will be
more and more complicated to give terribly ted:
ous and difficult procedutes.

. The (1+4D)2-type PRS System Models and
Recursive Formula

1. The Models for the 1-st and 2-nd order
functions
It is well known that the transfer function of
the (14D):-type PRS system has the form ot
truncated reised-cosine functions . In this sub
section, we modify the standard {1+ type
PRS system model and apply it to get the Fourler
transforms of our functions with I-st and 2-nd

orders. The modification for the 1t order func

tion is shown in Fig. 1.

T
————
oL
2T
L A A
i H” i H‘z i
Lo : |
I~ 1

Fig. 4. Model for the 1 st order function.

From the structure of the transversal filter, we

can easily obtain its impulse response as follows :

he{t)y=o(t+T)+20(t) +o(t —Th) (18

and the Fourier transform of it is given by

Hui(f)=2(1+cos 2xfTh) 19)

If we set the frequency response of the

bandlimiting fillter as

Hiz (D= T TIT) (200

. then its inverse Fourier transform is given by

T . t

hio(t) s - sinel o) .

T T (21)
From the System theory and the convolution

theorem ' ', the overall impulse reponse and the

transfer function of the svstem shown in g, |

are given by

hitt) h{t)* hie(t)

= I: i sinc( [ir:["“ 142 sinc( L
I I I
ot T
Fsine (o )] ()
and
FLof b= Hh(f) Hao(f)
=2 Tt 4cos 22870 [1UTD (23)

respectively, In (22), the symbol denotes the
convoiution of the two functions.

The functions hilt) and Hi(f) are cven
functions, Theretfore, we have another pair from

the duality of the Fourier transform > as follows.,

@it 2 To(14cos 22Ty [Tty «
Gify— 12 [ sinc 1 V-2 sinc ( R
[ I T

g £=T
+sine { T b 1)

where the symbol "< =—>" denotes that the
two functions form a Fourier transform pair.
I{ we define the parameters as Ti—(1/27),

To—{A 7D regpectively, then we obtain

A\ it ot
yo B cos T -
2i(t zllku)s i ‘l“Z-rl (93)
and its Fourler transform
Gilf) = ‘L‘Xj e ( th,." er V2 sine ( f )
2 1727 1/2+
33
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(o6t

The results (250 and (26) derived from the
(1+D) tvpe PRS system model are equivalent Lo
(3) and (4) respectively.

Fig. 5 shows the modified model tor the 2 ond
order function, In this model. the part of the
transversal filter 2 the same as that of [ag {. and
the frequency response of the bandlinutimg filter

15 given by the transter function (23) of the pre

vious model.

l————
1
far
L | !
I " § " t
L 2,1 22 ,
~ \
Ha

Fig. 5. Model tor the 2 nd order tunction

Repeating the previous procedure tor the model

m Fig 5, the svstem functions can he obtained as

ety (o) = ott+To 2800 +alr 71
Hoolfr Heatfy 200 -teos 2271 (2

and

Hoo(fy <16 2Teil4cos 2o T T
hoo{ty=—tit)

]I fsine tf}:“ ) +2sine | [t )
+31nc T )

(%)

The overall unpulse response and transter fune

tion can be represented fron these resulis

34

Hf 0 of H0h)
T ul+cos 2T T CT (a0
whoere b 00 s qust heoth given i 1280,
The tonctions m 0290 el (300 are even, From
the dualitv, we have another Fourter transtorn.

panr as followings ¢

et P Hcos Cr ey e
Gty he of a2 ho 4k oof I
Gl s ot Giri=Gay -0 c
where boot) ot from (284 And the fact
that b0 s the same s Gl o et 2
will he tocused m thie tollow g sections,
Defmmg the parameters s 101 290 T A ]

tOorespectivelyv, we have

aned s Founer transtorm

[CRIRE! «\11)<’;«:r‘f,,]“wg(;‘m#-f;.‘w L0

where G s qust 1260 ard 03070 = the same (s
Coro T v also be shown that s resuit 1350 -
cguvalent to 117 The procedure shown here s
much o simpler than the conventionas metbod usig
consecutive duferemnons And a0 chae o
recursion = otfered i this procedure, ne. (310

[SSNEN

2. Generalization and the Recursive formula

I s subsection, we generalize  the idea
proscented mothe previons =ubscoten, We derive
the Fourter transfoirm of the nth order truncated

ased costne functions grven o 820 frome the
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generalized model as in Fig.6. The overall svstem
model consists of the same transversal filter as
before and the bandlimiting filter whose fre
quency response is the overall transfer function

of the model] for the {n-1)-st order function,

2(r-1

T

Fig. 6. Generalized model .

(Proposition 1)
For the model shown in ig 6, defining the fre

quency response of the bandhmiting filter as

Hoo(£) a2 VTl 4cos 28T D LHTD
=H. 1{f) L for nl, 20 3 (31
and
Hot ) =T ] [CTD (35)
. the relations
P Ha(f) =20 To(14cos 2of T [1TCTHD (363)
he(t) =ha- 1 (T +2 he (t) +he {t - Ty
(37
are true for all n==1, 2, 3, -
(Proof)

From the structure of the system model shown
in Fig.t, we have the svstem {unctions for the

transversal filter as

healt) =8t +T+28(t)+8(t —T1)
Hoalf)=2014cos 22{T1)

VN
== = ==

(38)

L for all n=1, 2, 3,

order, And {from(35)

. which 1s the same for any

T Ty
hol(t) T, sme ( T )

(39)
15 obtiined.

Next. we shall prove the proposition by math-
ematical induction as follows ¥,

< Basis step> When n- 1. from (34) and (35),
we have
Hi ) Haph

=T T 1o

And we get from this tunction with (338)
Hotf) =Huooof) Haoaf)

DT Hcos 2xfTH [TTUTH)
1

The inverse Fourter transform of Hi(f) can be
obtained from the relationship between (223 and
(23), or bt

(3%)1 with hi(t) from (3, and (391, We

from the convolution of Hfrom
1357,

ale given

tﬁ}[‘ )42 smct ,["

}

hilt)— ,{1]’ i sine(
+sinc( ! }I )i

=holt+TH42 h (O -+hait—~Tn (12)

Equations {11) and (12) indicate that P(1) is

frue,

<Induction step> Suppose that P(k) 1s true

tor some k=1, we have

Hutf) =2 Tel4cos 2afToe [T (43)

and

ot b AT+ he i) Fheat =T (4d)
35
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Therefore, we get from (31)

Hioor 0ty Hetf) =2 Tt 4cos 2ot To= [T
Cme== heastt) ettty che T+ et
e i (t-—=T By

and from (3%)

Hoooatf)y 200 Hcos 270710
= b gttty st 2ol ol T
)

Applving (150 and (160 1o the generalized

model 1 g 6, we ultimately have

CEy L)

P cos 20T L OT D AT

bl he o i
TR Sl S LURREE I ol BT
sett NN B R R I SR PR E BN U SRS I
R VS S PR L T R I R B

ho(t-+=To-2 h (=i Y

The equations C17) and (I8) sav that the =<tate

ent ek s also true.

Fvduction, POnd os true forail no Lo o0

(Proposition 2

() 2 The tunctions HLOD and e @0 which e
presented m i Proposition 11 are even oo Hons ol
{and t respectively forall oo 1, 20

[t can be casily shown that the Ofz) s true by
mduction™ used i the proot for the (Proposiion
1),

From the duality of the Fourter transform and
the fact that the functions are even, woe have

another Fourter franstorm poar 2 followimgs

with
G I s L

Iwe set the pareter= 1 and T o=

The equation

Is st E9) 0 and s Fourne

transformg given b

foradb o o o
where
[ R O L R R P o)

e vealte couation 0wtk () s com
plete rectrson, and the forn of the tanctian (500
con be coaly o ched to oy coetpoent aond am

crofer of e brencated rined cosinice il Lt

sooiec Pheretore, the reo mave tornulit can be

coscly sodved by the computer aided numereal

I\'. Conclusions
A new and ersy sterative miethod 1o get the
Jfotier transtottns of the runcated resed comne
Prnc e cod s o th order powers using the con
copt ool the b Diooype PRS svstem has heen
mtrodeced, We o hueve dhiscovered that o the
proposed procedure 15 more compact and simpler
thar The conventional niethod hased on consecn
to Cnecntanone, The results which have

b . Correnn U gaocodiye constitute o
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completely recursive formula, And the recursive
tormula consists of a sum of three {functions
which are easily obtained from the last step.

We conclude that the formula introduced in
this paper can be excellently apphed to the analy
ses for many kinds of communication svstems ot
which the system functions are the nth order
powers of the truncated rased cosime, Especially,
it s expected that the formula can be casily ap-
plied to the computerized numerical analyses by

virtue of its inherent recursive characteristcs,
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