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ML Frame Synchronization for Gaussian Channel
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ABSTRACT

The problem of locating a periodically inserted frame synchronization pattern in random data for
a binary pulse amplitude modulated (PAM) digital communication system over an additive white
Gaussian noise (AWGN) channel with co-channel interference is considered, The performance
degradation of frame synchronization for the correlation rule due to the presence of co-channel in-
terference is shown. The maximum likelihood (ML) decision rule for the frame synchronization
over an AWGN channel with co-channel interference is derived. For the entire range of SNR con-
sidered, the ML frame synchronization rule obtains about 1dB signal energy gain over the corre-
lation rule. Specially, the ML rule obtains as much as 2dB gain over the correlation rule when the
SNR is greater than 0dB.
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1. Introduction

APNC PN 1.1 ﬁ-‘FI‘Q‘ﬂ- !
"gﬁgiﬁg?ﬁ?{glgﬂ The ML decision rule for locating a frame
) synchronization pattern periodically inserted in
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random binary data over an AWGN channel was
derived by Massey!ll, It was verified by simu-
lation that the optimum rule provided about 3dB
advantage over the correlation rule in the
interesting case of signal-to-noise ratio (SNR)
near unity. Nielsen'?) showed similiar simulation
results of the ML rule in the limiting cases of
high SNR's Geoghiades and Synder derived the
ML rule for frame synchronization pattern in a di-
rect detection optical communication system
employing Q-ary pulse position modulation
(PPM). Analytical frame synchronization prob-
ability performance evaluation and simulation
results illustrated that the ML rule obtained sub-
stantially more than 3dB performance improve-
ment over the correlation rule.!3 The results
shown!!113] considered only channels impaired by
noise with either Gaussian or Poisson statistics.
It is also impticitly assumed that a single mo-
dulated carrier is transmitted in the system.
However, the co-channel interference might be
caused by another digital or analog modulated
carriers on the same nominal carrier frequency.

In this paper, the ML decision rule for the
frame synchronization over the AWGN channel
with co-channel interference is derived. The per-
formance of the ML decision rule is compared
with the correlation rule in order to show power
advantage gained by the ML decision rule. Since
it seems intractable to obtain the exact evalu-
ation of the frame synchroniation of the ML de-
cision rule, we resortecd to computer simulation
for performance evaluation,

[I. ML Frame Synchronization rule

Let N denote the frame length, i. e., each L
digit synchronization word is followed by (N—L)
random data. It is assumed that the receiver is to
process an N bit span of the received sequence in
order to locate the L bit long synchronization
word. It is also assumed that all the interference
power is concentrated in a single interferer and
the interferer behaves to be an independent
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source for each digit for the sake of simplicity.
Then, the demodulator output r; over one of the
assumed known bit intervals can be written as

ri=E ¢c;+ni+ 21 cos 6. (1)

The symbol ¢; denotes either a synchronization
bit or a data bit depending on the subscript i. E
and 7 represent signal and interference energy,
respectively. The component, n;, is statistically
independent Gaussian random variable with mean
of zero and variance of N, /2 where Ny is the one
sided noise spectral density. The rendom phase, 6,
is assumed statistically independent and uniformly
distributed over (0,2r).

Let ¥=(rg, ry,...,rn—1) denote the received se-
quence to be processed where each r, is defined in
Eq. (1). Let §= (s, sy,...,5.-1), where each s is
either +1 or —1, be synchronization word and let
d=1{(dy, di+y,...,dy-1) denote (N—L) random data
bits wher d; is statistically independent random
variable with Prld,=+1]=Prld=—-1]=1/2
Consider the concatenation 5 & =(s,...,SL-1
dy,...,dnv—1). Let T. be the cyclie shift operator
defined as T(F @) = {dnx-1,50,....50-1,dL,...,dn-2).

The synchronization word is assumed equally
likely to begin in any of the N positiions of 7, If
the synchronization word actually begins in digit
rm of 7 where 0<m<N—1, then the received se-
quenee can be written as

F=VET! (3d)+7r+2Icos6 (2)

where # = (ng,m,...,nn-1) is the contribution of
the AWGN to the received output and V2I co3 0
= /21 (cos 85,c0s 8,,...,cOs On—1)is the contribtu-
tion of the cochannel interference to the received
output

Let 3= (o0, 01,....08-1) denote the actual value
assumed by the random vector 7.

Then, the ML decision rule is to choose the es-
timate of m as the value p, 0<u<N—1, which
maximizes
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22 (Blm=y)Prim=py) (3)
(o)

Ai=p7 (m=pl7=p)=

Since Pr(m=yu)=1/N for all yu, it is equivalent
to maximize

Ae=p7(gim=y). (4)

Let 3=1(8.,60+1,....0n-1), where each & is
either +1 or —1, denote a random possible binary
data vector 7. Then, Eq. (4) is equivalent to
maximizing

Aa:f"'fZPT(F|m=u,3=b’,v)doo...dan_l_ (5)

all &
Upon use of Eq.(1), Eq. (5)becomes
Aaefoof
=L
p(B—VET!—(33)~ V2Icos0)db,...do-,
(6)

By the Gaussian assumption on #, Eq.(6) is
equivalent to

,\4=£...\[§%[é N/2

L-1

[T exp [‘I_Vol (prty— VEs — \/Z_lcosa,»)z:]

i=1

N-1
Il exp
=L

[F_V—;(Pﬁy ~ VEa — V2lcos8)? ] dby. ..y,
(7)

By removing terms that are independent of
u, Eq.(7) can be reduced to

-1 JE i
As=,I:Ioexp[ ZNO SiPi+,4:| T+ p).

¥ ﬁlexp[—z-;—v/% (SiPi+ﬂ] cTolpivwd). (8)

ag =0

where

4

g+, =j" exp[:ﬁ%!“ (cos?; — a(i) COSGi)]dei. (9)

T2l i+ ). =I exp [——]-V—Zol {cos?0; — (i) cosh,) ]dﬂ,-. (10)
ali) = 2pi+,~21—2VE sV, (11)
and b(i) =2pi+,V2I —2VE sV/2I, (12)

By carring out the summation with respect to 3’
As can be rewritten as

Aszij:, exp [ Z\N/OE Sipi+u] N r1(Pi+y)-['IL. r3(lo,-+p)

(13)
where
Fipre) = exp[ T2LE pes]  Tlpon)
+3 exp[:%%g pss] - Tl 1. (14)

By taking the logarithm on Eq. (14), Tg is
equivalent to

Llr— \/— N-L
M=x [ i’o £ S'Pi+u+lnr1(/h'+u)] + 2L, Inly(a+,).
(15)
Note that the sum
N—l~
;Llﬂ T3(pi+,) (16)

is independent of u because of the periodic frame
boundaries, By subtracting this term from Az, the
ML decision rule for the frame synchronization
that takes into accout both the AWGN channel
and co-channel interference is obtained as
follows,

-t No
AML= ;ﬂ [sip,-+”+—2_\7—“E—' In r}(pﬁ'u)
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No
T oVE In l"g(p.-+,,)]. (17)

Note that the first term in the summation
accounts for the ordinary correlation rule and the
second and the third terms account for the ran-
dom data surrounding the synchronization word
and co-channel interference.

I. Simulation results

The commonly used correlaition rule is obtained
by deleting the second and the third terms in the
ML rule and can be written as follws.

A= g{, Sifi+p. (18)

The correlation rule is computationally much sim-
pler to implement than the ML rule. Because of
the simplicity, the correlation rule was adopted in
virtually all frame synchronization problems sub-
sequent to Barker’s pioneering work ‘¥,

The performance of frame synchronization for
the ML rule and the correlation rule over and
AWGN channel with co-channel interference is
considered. Since the exact theoretical perform-
ance is impossible to obtain, computer simulation
is performed to evaluate the performance of the
ML rule and the correlation rule. Two cases of
different length of N and L are considered in
simulations, For the first case, a 7-bit Barker
sequence of (1,-1,1,1,-1,-1,-1) is used for synchro-
nization word for N==28. For the second case, a
13-bit Barker sequence of (1,1,1,1,1,-1,-1,1,1,-1,1,
-1,1) is used for synchronization word for N=91.
For a given SNR and a signal-to-interference
ration (SIR), 100 frame synchronization simulati-
ons are performed to evaluate the probability of
correct frame synchronization,

In simulations, it is assumed that the
synchronization word is located at the beginning
of the frame. The correlation rule simply
correlates the known synchronization word and
the received sequence and indiciates the location
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of the synchronization word where the maximum
correlation value is obtained, Similary, the ML
rule determines the location of frame sync ac-
cording to Eq.(17) which involves more calcula-
tions than the correlation rule.

The summary of simulations for the ML rule
and the correlation rule over an AWGN channel
with co-channe] interference is shown in Table 1
and Table 2, They illustrate the performance of

the ML rule and the correlation rule by indicating
the number of correct frame sync out of 100 simu-
lation trials for N=28 and N-91, respectively. As
shown in Fig. 1, the performance degradation for
the correlation rule due to the co-channel inter-
ference is as much as 2dB signal energy loss when
the SIR is equal to 5dB. As shown in Fig. 2, the
ML rule obtains signal energy gain of 1dB over
the correlation rule when the 7-bit Barker se-
quence is used for synchronization word. Similiar
results are obtained in Fig.3 and Fig.4 when the
13-bit Barker sequence is used for synchroniza-
tion word. Specially, as shown in Fig.4, the ML
rule obtains signal energy gain of 2dB over the
correlaiton rule when the SNR is greater than 0
dB.

Table 1. Number of correct frame synchronization for
the correlation and the ML rule over the
AWGN channel with co-channel interference
fo N==28 out of 100 simulation trials, The
synchronization word used is 7-bit Baker se-
quence of (1,-1,1,-1,1,-1,-1).

CIR(dB)
SNR(dB) | Correlation rule ML rule
5 10 15 5 10 15

72 76 76 75 79 82
75 84 84 81 88 89
79 87 89 85 94 94
86 93 94 88 95 96
88 94 96 92 96 99
90 96 97 94 99 100
93 97 97 95 100 100

Wi~ lol=itib
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Tabie 2. Number of correct frame synchronization for

the correlation and the ML rule over the
AWGN channel with co-channel interference
for N-19 out of 100 sirmulation trials. The
synchronization word used i1s 13-bit Baker se-
quence of (1,1,1,1,1,-1,1,1,-1,1,-1,1)

CIR(dB)
SNR(dR) | Correlation rule ML rule

5 10 15 5 10 15

-3 61 62 66 | 59 70 72

-2 67 73 74 69 78 80

-1 75 78 79 71 85 88

0 76 84 85 74 91 92

1 79 88 89 79 96 99

2 83 91 97 83 99 100

3 84 95 100 86 100 100
1.00

o

o
3

Probabiiity of Frame Synchronization

e
Ligd g 1111

3

SIR == dB
SIR =10 dB
SIR =5 dB

omlllllll'l['llll
—3.00 -1.00 1.00 3.00
SNR(dB)
Fig. 1. Probability of frame synchronization for the cor-

relation rule over the AWGN channel with
co-channel interference, The synchronization
word used is 7-bit Barker sequence of (1,-1,11,
-1,-1,-1)
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Fig. 2. Probability of frame synchronization for the ML
rule and the correlation rule over the AWGN
with co-channel interference at SIR=15 dB. The
synchronization word used is 7-bit Barker se-
quence of (1,-1,1,1,-1,-1,-1).
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Fig. 3. Probability of frame synchronization for the cor-
relation rule over the AWGN channel with
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co-channel interference. The synchronization
word used is 13-bit Barker sequence of (1,1,1,1,
1,-1,-1,1,1,-1,1,-1,1) for N=91,

1.00
=§ 0.90
N -
c -
E N
g 0.80 —
] ML rule
E i Correlation rule
E -
L 0,70
'o- -
2 -
-] -
B 0.60 —
[ -]
o .
0.50 T T T T T T T T
-3.00 -1.00 1.00 3.00
SNR(dB)

Fig. 4. Probability of frame synchronization for the ML
and the correlation rule over the AWGN with
co-channel interference at SIR=10 dB. The
synchronization word used is 13-bit Barker se-
quence of (1,1,1,1,1,-1,-1,1,1,-1,1,-1,1) forn
N=91.

The complexity of the ML rule is increased
compare with the correlation rule. However, If
the communication system has tight power limi-
tation with sever co-channel interference, the
ML rule for frame synchronization would be a
good candidate for consideration in spite of
increased complexity. For instance, when SIR is
10dB and SNR is 2dB, the probability of correct
frame synchronization of 0.91 is obtained by the
correlation rule. On the other hand, the ML rule
obtains almost perfect frame synchronization at
the same level of SNR and SIR.
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IV. Conclusion

The ML frame synchronization rule over an
AWGN channel with co-channel interference is
derived under the assumption that the power of
co-channel interference is concentrated in a
single interferer. When SIR is 5dB, the perform-
ance degradation for the correlation rule due to
the co-channel interference is equivalent to signal
energy loss of 2dB. The ML frame synchroniza-
tion rule obtains signal energy gain of 1dB
compared to the correlation rule over the entire
range of the SNR. When the SNR is greater than

0dB, the ML frame synchronization rule obtains as
much as 2dB signal energy gain over the corre-

lation rule,
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