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Design of FIR Filters with Finite Precision Coefficients
Using LP (Linear Programming)
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Abstract

In this paper, an optimal algorithm for the design of 1-D FIR filters with finite precision
coefficients is proposed. The algorithm is based on the observation that the frequency constraints
of a sub-problem(SP) in the branch and bound algorithm, which repeatedly use LP (linear program-
ming), are closely related with those of neighboring SPs. By using the relationship between the
SPs, the propsed algorithm reduces the number of constraints required for solving each SP with
LP, whereas the conventional algorithm employs all the constraints, which are required for solving the
initial problem. Thus, the overall computational load for the design of FIR filters with finite pre-
cision coefficients i1s significantly alleviated, compared to the conventional branch and bound algor-
ithm. Also, a new branching scheme for the design of FIR filters with sum-of-power-of-two
(SOPOT) coefficients is proposed. It is shown that the computational load for the design of
SOPOT coefficient filters can be further reduced with the new branching scheme,
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1. HA9 syt doi AFzHel W3 (Indexes of
the constraints with which the optimal minimax
solutions are obtained).

level | notation of SP indexes of constraints
Po 1 28 49 68 89 91 92
6 Sp? 1 49 68 89 91 92
5 SP$ 1 8 91 92 51
4 Sp¢ 1 8 92 351
3 Sp3 1 92 51
2 sp? 1 51

el B =gdAe 27 Adzdd dg R
¢ sl ol SPoll A et oje} g gl A of
¥ SPEYHE dojA AF AFxd FHol d
AYgsle s gozi [9ldnct LPE vHE 3=

2

2 Folu A Aa Ao FOEEZE Y

4, 2 qde] SPER 24T #A7 Atk
& Ho]7] 9ste 99} @& ool 4] SP} 2 ¥ SP3s
PRl <Fxpst eatel AV, B35 2 el HA g
& Algdte Az MEE 1§ 20 ey

O ARE 1d Q™3 SPE7E S #AC) A
o, 53] 2+ x5t o3 RIE 71-‘:« 7 90| SP
Eol oA & Byl ¥ 0}61 Az o] GAA
o] #vle AL & F UG F P 3 SPi 743
© AFxde] ¢d38] SPI? o ol &7 Hl Wt
@ shugtel 947l dhagE AS o 5 ol o9
o] SPi7 dujd ez A2zt 7p7he SPiel wlsl
o a7t W SPY v o] A7 WA £& o]l g o

go] pe sk o3 $EE 21Uy WEolth

3
o},
A

N

B 2. @2 ol sle SPEe] Mghzyd obads o
2% 9l o {Example for the sign of quantization
error and the set of constraints for sub-problems
at the same level).

quantized real sign of
coefficient | coefficient | quantization error | constraints
SP} 1 0.312500 0.30196 + 18991 92 51
SP3 | 0.281250 0.30196 - 149 68 91 92
SP§ | 0.265625 0.30196 - 149 68 91 92
SP§ | 0.257812 0.30196 - 149 68 91 92
SPE | 0.253906 0.30196 - 149 68 91 92
SPE | 0.251953 0.30196 - I 49 68 91 92
SP% | 0.250977 0.30196 - 149 68 91 92
SP§ | 0.250488 0.30196 - 149 68 91 92
SP§ | 0.250244 0.30196 - 1 49 68 91 92
SP3, | 0.250000 0.30196 - 149 68 91 92
SP3, | 0.249756 0.30196 - 149 68 91 92
SP§, | 0.249512 0.30196 - 149 68 91 92
SP, | 0.249023 0.30196 - 149 68 91 92
SP}, | 0.248047 0.30196 - 149 68 91 92
SP3; | 0.246094 0.30196 - 149 68 91 92
SP§s | 0.242188 0.30196 - 149 68 91 92
SP, | 0.234375 0.30196 - 3 49 68 91 92
Sp¥, | 0.375000 0.30196 + 1 89919251
SP3, | 0.218750 0.30196 - 3 49 68 91 92
SP3, | 0.187500 0.30196 - 3 49 68 91 92
SP3, | 0.437500 0.30196 + 189919251
SP3, | 0.156250 0.30196 - 3 49 68 91 92
SP3; | 0.140625 | 0.30196 - 3 49 68 91 92
SP3. | 0.468750 0.30196 + 1 89 91 92 51
SP3s | 0.132812 | 0.30196 - 3 49 68 91 92
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1.0 ————
' 0-f : pass-band
! f,- f,: transition band
; f,- 0.5: stop-band
0.0 i > f
fp f, 0.5

a2l 2. 1239 Hel el A g% (Specification of 1-D FIR
filter).
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XA g el B oz HAs) 7t Qo] nw
28 $AE 2 £Ae ADrAoR £ 720

unjof H) sl ﬂlt ol AA FAET}
g 18] SPy T ‘g L= ool of
&lo :L% 3°¥l f*iii YehR At} F 3ol wpaEm,
o] A& SPy '3 e PE QA M EE HAE
2 e HFzrH FAo] 1golMgt o] SPy e
HHs A SPY o HHa) A Fge] He
Aolth =, ol A A g ule} o] x3F Fojof &
SPY ' At o} b7 SPy iR R ET) B
SPY 1ol o} ¢ BAlV Fong o9 2UG AL
st Aotk npArlxZ, SPYT'E Fu A9de
AL MeFz7S SPY o HHs) Win SPY ' F
Haj Fjte Ao g ) 21 o]fE F 300A B
= upsbgro] SPY 1ol ofatal o2 HEE SPy H
e gan SPY g 2] itk a2 m SPy e
Er A9ox= o]Ho] SPYERE BNE ZAE F
J&o 2 ofatsl @ xHE zhe SPolu R olo) Hzel
&ﬁ% P“'94 ﬂ**ﬁllﬂwi %“*HP }

B. SOPOT Al HE{ MHE /8 MZ2 7X| X|7|
g,
AutH ) A4 Al el A A9 2 A
o] ¥as} wﬂ o %s}uz SPY, SP}, SP3, -9
ofz}3l ¢ A Hu = AAEHA wrEHT, e 29
H4o] o2 AFE T A $AE HHo

C, : Original set of constraints

Input from SP‘ Set of constraints, deﬂned as C 1, with which the
, optimal solution for SP;'is obtained.
Input from SP ! Set of constraints, deﬂn‘etg as C;, with which the

optimal solution for SPy is obtained.
C=CUC,;

[Quantize one of N-1 continuous coefficients.]

Solve LP with constraint C

C=C U {constraints with the larger error
than the minimax ripple}

*n(C): number of

yes !l elements in C

no

nfeasible o
unbounded?

yes
[golve LP with consiraint Co

C the errors of all the
constraints in Co with the current
solution obtained from LP with C

yes /&'\ no

ripple?

e problem
glz's ‘Is solved.

28 3. 59 SPE E7|9% AE g FY TAE
(The signal flow graph of the proposed algor-
ithm for solving an SP).

YASIA gorg ¥ 2EE H 39 oo 2 ue}
7ro] HZ vy wol v E = 97 g ok 11‘1 E:l
g2 53] Al5E EE8 AA HE el vl
00] obd g e vBESL] 7 A gFE A
L} ER AT}

a8y oy FHe /F3 AUE AS D AAN
2101*1 BaB & xoA #HH o a7} dolxe HR
£ mebrl B 2 SPo] Frpsl @ xpe] ¥ 57 + &

—< #Eo] A9 058 e AEE Y 4 Uk
718 49 FAel A3 o] Fren & u SP;,
v, SPoy 2 423l 9o RE= HFHOZ uho
+olu ¥ —Ag HES 53 #HAd £ AN

F}E

J[x ﬂr il

I 3 SPeo %=tz 3% 3% 9] ol(An example for the
sign of quantization error of the sub-problems).

SPY-' | SpY~' | SPY~' | SPY™' | SPY' | SPy™t | SPY! | SPY ! | SPY!
sign of the
quantization + + — + - — — + +
error

e v AN dojAR) @2 BH

o] ool Blate & @ AHE e AL E
A Holdrt, 2, HPHo2 s+e(ed vle B F)RT E 2 E ﬂt— AgzUE AN

S @) o] AStE EFHX] )
A A A gz

F71 A oA oW E so) HA ool JFE FAX e AE Y F AU 3B Ul = e 107522

ot
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Path of optimal
solution

0%l 4. BaB T8 =AM HH 9 )7t do)zl H(Path
of optimal solution in the BaB tree).

o 2 ol fi= (81014 231 uho} grol SPo) @}

Wol 0Ba T AP 2AS WL Fus 4FY (
Aol Fobal 1 F7h B W AHNE FHOR 1

mago] Ael thgol7] wolth Ao 113 1
A9 Wl 8 B, SH D ANES He o

2 ol % % 9,

H(z) =
hyt+hz VY hyz 2+t hgz S bz O Ry
(1)

uf el Mo} ol f,=0.2, f,=0.25°% LP&
o A ez e uhga o] F{10]

| hs+ 2hy cos 2rn f;+ 2hs cos

an f;+ - +2hy cos 10m f,—1.01 (8

for 0.0< £, <0.2

|hs+ 2k, cos 2n f;+ 2hs cos
An fi+ - +2h cos 10n f;—0.01 (s
for 0.251,<0.5

A7) N fi Fua &o] 0%E 058 AW @ AL

@ Ae2A
hs %€} %AﬂﬁAubw14ﬂ
< u gje] AL thg 2t go] ®r,
|2k cos 10n fi+a;—1.01<é

for 0.0< f,<0.2

(3)

|2k cos 10n f;+a;| {6
for 0.25< £, < 0.5

o 71 M @, %= hy+ - + 2k, cos 8r ;2] 2+ hiol o1 E 2
%“Pﬁ}%] b oIl slolnh welA f,9) A S 0.01
ofe}ar ¥ 2%0“*1 2 oakel o] A=A F 9
7H°]J’( 1,47, Zt i & Az 270) St g8
A stz e 4%:— LP9] sl vhg# 22 243y
(minimax) ¥-# 9] s ¢} c[11].

Find the minimum of

Max {12 cos 10n X 0.0)hy+a;~11,
{12 cos 10m x 0.01) Ay +a,— 11,

[ (2 cos 10m X ().49)h()+a46‘,
‘(2 cos 10n X 0.5)]10+Cl47|.

A o] FA4= ascent AP HFLE F FE QU=
Aol [11], s =g} A Ag FAl W Eslhe
M7t HH e et s 28 5ol B wiek {%OI
oliz iR Aol Yehli= A ;iR Aolvtely

slope = 2¢cos 10 7f ;

minimax solution

sfope = Zcos luat,

-airl -
ai+ ? ),

Optimal solution for h °

08 5 #HAHO #Ao] 3|(Solution of minimax prob-
lem).
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E Adg nHolgn & + vk 3 HH = 9
9] Jeog Jetde o8 Mo ZHE FAAM 2
ol & A Mo] EAEA FOoHA 1 Fol7t 7t
A 22 Holgt & 5 AoH11]. wabM A =20
WE w f,9] ZhHo] ol § 2o HAH T A4
59| 71€7] 2 cos 10 f,9 HE7F Wil 23
e FHog oalHel A9 Aol ATt A §
79 7rAo] A P AL 4 (4)oA] L& vt
9} o] Mg RHUE] HUAGOR FolABE g §
B g 61M BE vle} g 23H S ZA "l
oM kS 2 9] ol4kgk by EE Al 2 dAE
o HHe| g7} QLEZK A dojd FE A AFKA
Hojzl gFo] 7ol A et A= ojH SPallA] 3t
9 dde SPE s AL o 7S w3} o] ¥
3k @219} A7)t AXE SAUR GAA = A

c

[P

Hoe »3vh QZdee eAdz gEATle Aol
o 2 58 2 dE 48 28 5 UL, weM F

ololgl SPo] 427} ZolE 7}5Alo] Ut}

hy ho Y
28 6. 4 (4)9] HNHL A 2} (Error surface
of the minimax problem)

TA)H 42 H 28 w¥ SPS 9 SPS 2R
HH ol g dg stsAel AY U BEFsn
Fztgl o ate] =7t Fobsle w42 BAE EW
SP$,-,SPJ o RE &} @ o]S25E H49 gl
E 2AEY 88 2% Fo o SPS & Zojo} 3
o}, AAE WM E SPE & 7)o 94 SPL &
Z7] Q& SP3,--SP) 3= th& 49 38 7
e Zoln olZREH HAHE EASF HH9 3
2A 7HsAel e AE 4 2hg U1, 1 4
%2 SP§,--SPS & Zu 54 ddz Weizte @
o] & ZAE 7HsAdol Utk

AAE 7R X 7] Y ol o A= ¥ 3% 2S5
M2 gt oA RIS e A9 A" wHe
o] & SPy"1, SP{~! ..o} o] o049 @77} F7}
Bl A NE Fx k1 11y 73 o] BB A4
g SANE Fi Aot} & 3R] A=, A"
o2 # 29 & HA SPE F 9 I ¢AMe
SP?, SP?, SP},, SP$, SP3, SPJ, SPS,, SP2, .-
9} o) Fr},

)

ORONCRONONORGNES

33 7. & 3elMet o] %3t 9xE = AL,
SOPOT 4 HE1E HAE we] SPe] 44(The
order of the sub-problems for the design of
power-of-two coefficient filters, when the signs
of the SPs appear as shown in Table 3).

AAE dnelgd 71EY duES Hws7
st ®ohel 139 2 2319 FIR ¥ & 2z ¢ag
22 dAEAch AL AL vaE (1] SoliMet
go] o & AF=NE zte wole e HAd g
Zkztel AlkAIzbE ZAMSIAL ole] Hi& wlusle
FHE AHEAT T vnE sty 71Ee gn
A5 Atd duelge AAHYI TRe PEF
393, AHEE LP subroutine® & ROz 39
o &, 22 LPE AMgshda A Aok dag oA
T LPeo 8 R of 22Xk, ol Y89 A5t
Fol5o] Aol slHol vk A& Hole Aol

AME H 49} 28 23S 2= 11, 21, 313
o] delg 7zt duelgor dAstd 1 4AANE
H 50 R A7)A ko) d s} go] zH Al
12 BlE2] Zoj& ztm o]F 27iyko] go] oldd g
e Aog sk 18 AFER HFEHE Mips
RS3000/33 )z 2H|ol 0. 2 A 40 MIPS Hx 2] A
T 7HAY, oy Wb wF 2lAEE A}
£3l5nh A3 BaBel FAoAM= 7]1Ee ¢
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dEolLt Aeke duelEel 4w, (8]0 4y
of whe 7bAl F7} oAl W Abg stk Treln
A Aol WO ol AFH YA 9
ZHOl NS AL AS 9 Aol - o zelm,
58] 7)Eel WHoRE AA Aol R 4w
2 Aol Wt AL WS s vy

A7k A3 00] obdl MIE 47} EHQ) Agol we
A e Ay AFAA A B e w0
7E9 3 1070 ool 4 H Gk st 1ol del o
AE st oS el Wold @i 107) olel 4

A ek e Ho g Eghg ’P—.,%Lh; e 7]
stttk oAl & Sof A shxje} 12501 % F1R] A
Ao 2 E o 1717}%{%‘. 7E A A
cuog w9 vl spA7R] AlFE = Ho) 9uvt
BE TE AUch wapA ¥ mRol A= Ay A W
& 7 R 9] F7LE Q1§ Aatdke] ZrlE ul7] 95ty
112k 212+ BEf o) -9 2070, 312k "Ej e} 45 1070
2 7tAe] 8 AestHt 1y o B glel A
#HH o] 7t dojzickiz o] EH]! tA: glonwg

2 jmpolae] A9 Bukt QusA el 7t e
HHs 5 di=dl 2 A3te] vl wokis Fo
A g7 Woell A 2z} sub-problemE 30| Zlg]ir Al
Zte] mlalebar sfof gttt <, oloh - QIgIH o
7 #& e g “H°ﬂ © HHME Wgd i
Atk sRARE oA I5igh vhe} gro] i imitofl A
Fol 524_01]*1% ‘f’” HA o] a7} dojqu
| Pedl A- Al7hel v} &
5 ok gk 7)Ee] whgout ARbE Wl A v}
] & RF geng 3k 331 o4 BaB
2E5S Felshe AlZRe v MR = B 4 luh

& B ve] mE 9ol AlAlE el ol
7IEe] il Biste] o S wE Ble g e
ston 53| 11zl ih*—?P T s Seei
Oe A& & 7 Adok 8 7129 il Ak
HIasdeidio *ﬂlﬁP 7]ell = vh 9 A AbeFo] wo
™ AAE %‘,ﬂ“ & 71Ee] el vlEte] Alak Al

H 4. 17 FIR €&l 9] # 8tz (Specifications of the 1-D

FIR filters).

1D-1 { 1D-2 | 1D-3 | 1D-4

£ 11012 [0.16 |0.20 |0.24
£ 11038 |0.34 {0.30 |0.26

2394

e “Jri’*W]t Aoz el AAE aby
SP @Al g F= 832 Wyolung, ojg [
grid- reducmg ol vhE 8 3Q) 7HA] Eo
Y, BaBell 7I2E F £ Fd dugsd gz
HEE 4 qlen, o Fsg &

Ao g 7 A},

(2 E oA G MEE 72 wig) gol A}
|¥l i 22kl o2ty g dAo) ddte] 2k dae)
wol vlae sty 12]. dAE "y e 238
F bl vebRed, o7 f,9) fiE 18 8alA
oF 3-8 22kl AE o] AW, Fab e Fulbgolnh
o] 9ol ti3t 4 el &l AMAIG vug # 7
off vteh it o Huk oAl WAlE dagFo] 7)
Eo] o) v 6}04 AEHYE Hola Ak,

¥ 5 ¢b dreelgel 17 FIR ‘”11 ’41 AlZE Bl A7)
£0] erareli;, BrAlRky e, Cr RS V1A
47y g ) %}.LLD]-J(Comparison of the
algorithms for the design of 1-D filters. A :con-
ventional algorithm, B :proposed algorithm, C:
proposed algorithm with a new branching

scheme).
(7‘ R fitter length : 11 (seconds) J
<l & ; -2 { iD-3 1D-4 HAAIZ | Average
| A - 71(» o 3.2 ‘ 29.3 6.6 29.3 10.9
71;? iw {’jz. ] 15.% 25 h 158 ;i()_n
« 1.2 | 3.2 ] 25.1 1 3.2 25.1 R4
: 21 (hour: minute: seconds) _]
1D-3 1D-4 HRAID Average

0:25:46 | 16:36:59 | 16:36:59 5:00:44
0:06:54 0:27:42 1:00:33 0:25:20
0:07:24 0:14:23 0:47:39 0:18:34

L filter length : 31 (hour: minute: seconds) —l
1D-1 1D-2 1D-3 1D-4 | A | Average

A | 79:26:19 16:51;22 0:25:34 | 370:09:46 | 370:09:46 116:43:154
B | 22:08:09 | 6:18:31 ) 0:12:59 | 53:48:41 | 53:48:41 | 20:37:05
(_ »‘3:30:03 1147:09J 0:10:45 | 50:26:21 | 50:26:21 | 13:58:35

E 6. 23k¢l Helo] 413341 (Specifications of the 2-D
FIR filters),

|

2D-1 | 2D-2 | 2D-3 | 2D-4

fr | 0.14 1022 |0.30 |0.38
fs 1036 |0.28 | 020 |0.12
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W (0.5,1,)
éé % : pass band
?, ;. 0)
I,

Aﬂﬁﬂ : transition band

18 8. 22 th2+3 ¥E(Two-dimensional auincuncial
filter)

¥ 712t dunels 2xd "He] A A2 vl AL 7)E
of g ua] g, B: A 42§, C:ALH 7IAH
7] vhH & 1§ 2 $-(Comparison of the algorithms
for the design of 2-D filters. A :conventional al-
gorithm, B :proposed algorithm, C : proposed al-
gorithm with a new branching scheme).

filter length : 3 x 3 (seconds)

2D-1 2D-2 [  2D3| 2D-4| MAAT | Average
17.0 7.5 1.6 19 17.0 7.0
8.6 2.6 0.6 1.2 8.6 3.3
3.9 1.9 0.6 0.7 3.9 1.8

filter length : 5 % 5 (hour: minute: seconds)

2D-1 2D-2 2D-3 2D-4 H{YAZ | Average

100:44:54 | 347:15:50 | 16:01:04 | 45:04:09 | 347:15:50 | 127:16:29

21:46:07 | 47:07:27 | 1:39:15 | 1:00:14 | 47:07:27 { 17:53:16

C 2:09:34 | 19:26:25 | 0:22:25 | 0:12:53 | 19:26:25 5:57:49

g 8

B =2 8 AYx A4 FIR "ele] 44
diglEol AetHk AtE uAFE 7)1E9
BaB(branch and bound) €& 54 13 =2 &
£ 7} SP(sub-problem)&3zte] #AE o] &3t Z}
SPo| =31 7He @A Relth, &, F912] SP
sz232e dA 1= 3t SPe Ao oz
HBE vy dojd LPY AIZ2H 8 EYo8H
AFH ANTG Fole Aok LI HE A5}
29 4ol 3(SOPOT)L 2 FolxE A4S BaB ¢
nE e AMANE U BE2AZE 4 e 7HRA
7] o] AAIF AT o] -2 SOPOT RHA| &
213} 7h7 o] YA BA] e AMHE o] B3 Ao E

A 7] whylo] kRl @ &}e] A V|7t FUlEE &
M2 7HAE A= vt AAE PEe 237
Al SANE 7HAE HA HE &8 o 4
A 5L Fole Aotk AMAE g1y
71&9] Wyl vmasi e A A 2bA|bo] Bol
HE 3Ag + U}k 53], AAE g
El9] 2tp7) & Ao o AgHola, A
ZFA X 7] B A EgED Fole s A
$-ol = SOPOT #l4= de] AAld o] @& A4t
BN A & dnh B AltE w1y
A9l M4 T 1Y (integer programming)
= XHEE FAg o vdEy,

o
>

B to al

flo gL oo s

o HONE

2 ro mY ot
S
o

i

& 1 i
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