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An Efficient Error Control Line Code with Improved Code Rate
Based on the (8,4) Extended Hamming Code
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ABSTRACT

An efficient error control line code with a special property of zero codeword disparity is proposed and its performance is ana-
lyzed in this paper. The proposed error control line code is based on the (8,4) extended Hamming code which is capable of single
error correction and double error detection, and to increase its code rate, two blocks of error control codes are used as a line code
with simple pre-coding. Thus, the proposed code can be well suited for high speed communication links, where DC-free pulse for-
mat, channel error control, and low-complexity encoder-decoder implementations are required. As results of the performance
analysis and comparison, the proposed code shows better spectral characteristics in low frequency region and lower residual bit
error rate than the error correcting line code using the (7,4) Hamming code, and higher code rate than the conventional error con-
trol line code using the (8,4) extended Hamming code. In addition, the proposed code can be implemented with far less complex-
ity.
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[ . Introduction

Recently. transmission media such as mag-
netic or optical recording devices and fiber
optic links which respectively make possible
storage of bulk data and high speed commu-
nication have been developed. To make the
coded sequence suitable for transmission
through these media, binary line coding tech-
niques are required. In general, the purpose
of a line code is to suppress DC and low fre-
quency component and to facilitate synchro-
nization"®. Thus, line codes have little or no
error control capability.

Linear block error control codes can be
designed to have powerful error correcting
and error detecting capabilities and can be
encoded and decoded efficiently due to their

€1 However,

elegant algebraic structures
they do not usually possess a desirable line
coding feature.

Traditionally. the cascaded scheme of error
control coding and line coding techniques has
been used such that transmitted code
sequences simultaneously have both features.
This cascaded scheme has two main draw-
backs, the decrease of overall code rate and
the reduction of error control capability™”’. To
solve these problems., combined error control
line codes (ECLCs) have been introduced by
Herro and Deng"?. and developed by O’Reilly
and Popplewell™"”. In particular, O'Reilly
and Popplewell"” considered groups of error
control words as the available line codewords
instead of considering the individual error
control words as line codewords, in order to
improve coding efficiency. The number of
error control codewords grouped per a line
codeword is called the block number.
However, to maximize error correcting capa-

bility in most ECLCs, they use a linear block
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error correcting codes whose code length is
odd. In this case, codeword disparity defined
as the difference between the number of ones
and zeros in a codeword can not be zero.
Thus, these ECLCs may be somewhat insuffi-
cient to suppress low frequency component.
To increase the suppression capability of low
frequency component, obviously it is desirable
that the disparity of codewords should be
zero, which means even codeword length.

In this paper. an efficient ECLC with a
special property of zero codeword disparity is
proposed and its performance is analyzed. The
proposed code is based on the (8.4) extended
Hamming code with simple pre-coding and is
capable of single error correction and double
error detection. Since the encoding and decod-
ing algorithm of the proposed code is very
simple and efficient, it can be well suited for
high speed communication links.

Parameters of line coding are introduced
briefly in section 1. then the encoding and
decoding procedures of the proposed code are
discribed in section . In section N, the per-
formance of the proposed cede is analyzed and
compared with that of the conventional
ECLCs.

I. Parameters of line coding

There are some basic theorems that define
the capability of a line code in terms of dis-
parity. running disparity and runlength. If
we substitute the physical symbol set {-1, 1}
of a codeword for the logical symbol set {0,
1}, the disparity or digital sum of a k-digit

codeword is
d= 2 a;, a;= 1 or —1, (1)

where a; is the ith digit of the codeword. And
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the running disparity or running digital sum
which is defined as sum of disparity up to
the nth codeword is

Dn = ‘.il di » (2)

where d; is the disparity of the ith codeword.
In transmission links such as a fiber optic
link, it is desirable that a transmitted
sequence has the characteristics of elimina-
tion of DC and suppression of low frequency
component. For DC-free property, the run-
ning disparity of (2) must be bounded®. That
is, the maximum running disparity"® should
satisfy
MAX
m

Dyax =

ig:lbi'< %
b= —1 orl,
where b; is the ith bit in the transmitted

sequence.

(3)

The runlength defined as the number of
consecutive ones or zeros in a transmitted
sequence is also an important parameter of a
line code. Limiting the runlength facilitates
suppression of low frequency component as
well as synchronization. Let us suppose that
a set of codewords is transparent and does
not contain the all one or all zero words,
then the maximum runlength” as a measure

of runlength limitation is defined as
Ryax = MAX{Ryp. R srarr + Renp) 4)

where Rygp is the maximum number of con-
secutive ones or zeros in any codeword, Rgragrr
and Rgnp is the maximum number of consecu-
tive ones or zeros at the start and end of any

codeword, respectively.
. The proposed code

The binary Hamming codes are an impor-

tant family of single error correcting codes
and they are easy to encode and decode“”,
In general, the (7.4) Hamming code whose
codeword length is 7 and message length is 4
is widely used and is conveniently defined by
specifying its parity check matrix or genera-
tor matrix. An example of generator matrix
for the (7.4) Hamming code is
1000111

0001011

The (8.4) extended Hamming code is the
code obtained from (7,4) Hamming code by
adding an parity check bit (hence. its code-
word length is 8). Table 1 shows the full 16
codewords and disparity for the (8,4) extend-
ed Hamming code generated from the above
matrix. The last bit of codewords is an even

parity check bit.

Table 1. Codewords and disparity for the (8,4)
extended Hamming code.

Message Codeword Disgparity
0000100000000 -8
0001 |00010111 0
001000101101 0
0011 (00111010 0
0101 (01011100 0
0110101100110 0
011101110001 0
1000410001110 0
1010 (10100011 0
1011310110100 0
1100 (11000101 0
1101111010010 0
1110111101000 0
111111111111 8
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In Table 1, the disparity of 14 out of 16
codewords is zero. If we use these zero-dis-
parity codewords only., we can construct an
ECLC which is DC-free and has a good prop-
erty of suppression of low frequency compo-
nent.

Recently, the ECLC based on the (8 4)
extended Hamming code with block number
1"® is introduced and has better spectral
characteristics and error performance than
the ECLCs based on the (7.4) Hamming
code". But. its code rate is rather low. since
it uses only 8 codewords among 14 zero-dis-
parity codewords of the (8.4) extended
Hamming code.

Thus, if more than 8 zero-disparity code-
words are used, the code rate of the ECLC
can be increased. To encode 7-bit messages.
128(=27) codewords are required. From Table
1. if two zero-disparity codewords are con-
nected, 196(=14 14) zero-disparity codewords
can be made and among them 128 codewords
can be chosen for an zero-disparity ECLC
whose message length is 7. Therefore, a zero-
disparity ECLC for 7-bit messages can be
made by mapping 7-bit messages into 8-bit
words which do not have 0000 or 1111 at the
first or last 4-bit and then applying the (8.4)
extended Hamming coding technique to each
4-bit word.

1. Encoding

Pre-coding procedure which converts 7-bit
message U to 8-bit word V is required before
applying the (8.4) extended Hamming
encoder. The following step shows the proce-
dure. At first, an 8-bit word U can be
formed from a 7-bit message U by adding O,

where U and U can be expressed as follows

U= u, u, uy uy Us ug Uy, {6)
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and
U= uy uy uy g us Ug t47 Us

= { U Uy Uy Uy U UG U,
U, U, @

Here U1 or Uz of a word U may be 0001 or
1110. According to (4) and Table 1, codewords
for these messages enlarge the maximum run-
length of a transmitted codeword sequence,
since their Rgrapr and Rgnp are 3. Thus we
form a new 8-bit word V which does not con-
tain 0001 and 1110 as well as 0000 and 1111
in the first and the last 4 bits.

Algorithm for getting a word V from U is
as follows. If A of (8) is equal to 1, a word
U is obtained by inverting u 1. u 3. u 5., and
U,

wy uyt s ug g+ U g tiy = Al (8)

Even by this peration U, and U, of word
U can be 0000, 0001, 1110 or 1111 again.
Thus, if B of (9) is equal to 1, a word V is
obtained by inverting 111‘2, 1'1‘3. lllle, and U .

Wy sy Uy + s g uq + s tg i = B. )

Consequently, when both A of (8) and B of
(9) are equal to 1. £ ,.u4 us and ug of word
U is inverted. For convenience of implemen-

tation. (9) can be written as

ACuyus + uguguq + s uguy) = B ()

Pre-encoding procedure is simply imple-
mented as shown in Fig. 1. And the mapping
table of this procedure is shown in Table 2.
where 7-bit messages are represented as hexa-
decimal notation. Blanks in Table 2 are
unused words.

Finally. using the two 4-bit words V,, V,
which are the first and second half of the 8-
bit word V., and the (8.4) extended Hamming

code generator. the 16-bit codeword W can be
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8-bit

Ivslwl?lwlwllrl?lﬂ-w"—’d*
&d ?Jéi
7-bit ! !

Message ?J
L pve o PR PR S A Y
HEEREE

Logic circuits for A
Eq. (8) and Eq. (9) Bl—

Fig. 1. Logic diagram of 7-bit message to 8-bit word
encoder,

Table 2. Mapping table of 7-bit message U to 8-bit

word V.
o100 0] Oj0j0f{0O]O| 1|11y 1p1fl
5:0000111100001111
50011001100110011
voze0 (1 0] 11 0] 1J0j1]0]1]0}1]0]1/01
0000
0001
0010 2223124125126 |27 |2829|2A)2B| 2C| 2Dy
0011 3213334(35{3637[38{39{3A|3B|3C{3D)
0100 4214314414546 |47 |48 |49 |4A|4B|AC|4D|
0101 52|53 |54 |55 |56 |57 {58159 |5A|5B|5C|5D!]
0110 62|63 646566 |67 |68 |69|6A6B|6C| 6D
0111 7217317417576 (77|78 |79 |TA 7| 7C{TD
1000 AE|4F]2E|2F 20121140141
1001 SE|SF|3E|3F 304315051
1010 0809|0E{OF|0C|0D{02{03{00|01 |06 |07
1011 18({1911EJ1F1CI1D112]13]10[11{16]17
1100 6E{6F)0A|0B|04|05]60161
1101 TE|{7F]1AI1B|14]15{70{71
1110
1111

obtained. A simple example of encoding pro-
cedure is presented as follows.
Example 1 : Let an information message

U=0011010. and the (7.4) Hamming code

be generated by the generator matrix shown

in (5).

(i) add zero to U as the first bit. Then, U
=00011010, and U, =0001.U,
=1010.

(ii) invert dl. U‘g,U’ 5. and u., since U,
=0001. Then, U=10110000, and U,
=1011, U ,=0000

(iii) invert U, l}'a,uus. and u,. since U;=0000.
Then, V =11010110, and V; =1101, V,
=0110.

(iv) apply the (8,4) extended Hamming
encoding rule to both V, and V,.
Then, W, =11010010, W, =01100110

(v) transmit W = W, W, =1101001001100110

2. Decoding

Since the proposed code uses two blocks of
the (8.4) extended Hamming code. we divide
the received vector Winto the first 8-bit vec-
tor Vﬁ and the last 8-bit vector I;[Z . And by
using the (8.4) extended Hamming decoders
for Vﬁ and u} respectively, we form a pair of
4-bit word ¥, 1. Here. if the word V which is
series combination of ‘71 and {/'; is an unused
word, it is detected as an error sequence and
retransmission may be requested. Otherwise,
we get the message 6 from?, which is the
reverse procedure of pre-encoding V from U.
In the pre-encoding procedure, some of the
bits in a codeword inverted in 2 steps by (8)
and (9). Therefore in decoding, the correspond-
ing bits should be re-inverted. First, those
inverted by (9) are checked by Ql), that is, if
C of (11) is equal to 1. a word U/ is obtained by

inverting 32, 33, Ge and 37
A TR - A
Ulvg‘(l)5007) = C (11)
The words corresponding to C=1 are marked

in bold-lined boxes in Table 2. Then those by

. o~ oo oo < . o T
(8) i.e.,u;. u; is and iy are re-inverted if u,;

1217

www.dbpia.co.kr



74

TREAE S MECE '95-5 Vol.20 No. 5

7-bit
Message

GlR[a[E[B[a]

ol &4 | &

8-bit G"F?J

7ot (TR TR[a [ o]]

Logic circuit for

Eq. (1) ¢

Fig. 2. Logic diagram of 8-bit word to 7-bit message
decoder.

is 1. Finally. we remove :1\1 and get a 7-bit

message ﬁ Fig. 2 shows the logic diagram

to find the message ﬁ from ? and an
example of the decoding procedure is fol-
lowed.

Example 2 : Suppose that the encoded code-
word W of Example 1 is received at the
decoder, with two errors in the first bit and
the 13th bit. i.e. W=Q_101001001101110.

W=01010010, and W=01101110.

(i) apply the (8.4) extended Hamming
decoding rule to both V/I\{ and @ Thus{/\l
=1101, ¥ =0110. and V=11010110 are
obtained. Here, errors are corrected,
since the (8,4) extended Hamming code
has single error correcting capability.

(ii) invert ;2, ;3, ;s,and ;/\7. since C = 1.
Then, U =10110000.

(iii) invert 1,1\1 :1\3 a,and :1\7 since u=1.
Then. L/I'\=00011010.

(iv) remove ;1 and finally get the 7-bit mes-
sage U =0011010.

1218

V. Performance Analysis and
Discussion.

With respect to the characteristics of line
coding, error control performance and com-
plexity, we compare the proposed code with

the conventional error control line codes.

1. Characteristics of line coding.

Since the proposed code is constructed by
zero-disparity codewords., both the disparity
and the running disparity are zero. And the
maximum running disparity and the maxi-
mum runlength is 2 and 4, respectively, since
Rsrarr and Rgyp of the codewords is 2. The
code rate of the proposed code is 0.4375
because its codeword and message length is 16
and 7, respectively.

In Table 3. the parameters of the proposed
code and the conventional ECLCs are summa-
rized. and line coding properties of proposed
code are shown to be superior to those of the
conventional codes. Here, code A is the ECLC
based on the (8.4) extended Hamming code
with block number 1"?. Similarly code B and
C are the ECLCs based on the (7.4) Hamming
code with block number 1 and 2, respective-
Iy".

The power spectral density for line code
with bounded disparity may be determined by
the algorithm of Cariolaro and Tronca"”. The
same procedure can be used to determine the
power spectrum of the proposed code. The
power spectral density of the proposed code
and the conventional codes is shown in Fig.
3. Obviously. the proposed code has better
spectral characteristics at DC and low fre-
quency region than code B and C. And almost
identical spectrum is obtained for the pro-
posed code and code A since both of them are

based on the same error control code and
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Table 3. Comparison of the line coding parameters.

proposed code A | code B| code C
code
d 0 0 -71~7 1 -2~2
D 0 0 -7~6 | -5~0
DMAX 2 2 _9 ‘5
(Ruax 4 4 12 6
code | 0 4375 | 0.375 | 0.429 | 0.5
rate
2.0 4
P
‘015
c b
[0) p
hol ]
5 =\
S0
(@] - .
9] 1
Q. Jt /
a g \
. I/ code A ;
o5 f e code B Vi
g i) — — code C \g
a 5/ *w++r proposed code \:
o.o: ......... S T T >
0.0 0.2 0.4 0.6 0.8 1.0

normalized frequency, (fT)

Fig. 3. Power spectral density.

show the same line coding parameter.

2. Error control performance

In order to calculate error performance of
the ECLC, the following conditions are
assumed®’: 1) All bit errors in the channel
are statistically independent, and occur with
probability P.. 2) If a codeword is decoded
incorrectly, half of the information bits are
in error. In general, the above proportion is
dependent on the error control code used in a
ECLC as well as the form of the decoder.

By the assumptions, channel errors are
binomially distributed and the probability
that j errors will occur in a n-bit codeword is

Pe=j) = (")(1~-P)"7PL , "

i=0,1,--,n

The number of errors occured in a 16-bit
codeword is between 0 and 16. If the number
of errors is 0 or 1, the received vector can be
decoded correctly. Although the number of
errors is more than 1, these errors can be
corrected or detected in accordance with the
position of errors occured in the first and sec-
ond block. And, if the decoded word ¥V is an
unused word. additional errors can be detect-
ed. which can not be detected by the decoding
rule of the extended Hamming code.

The received vector which has single error
per block can be decoded correctly. When
double errors are occured, the probability
that single error is occurred in each block is
8/15, since the number of occurrences of dou-
ble errors in any 16 bit position is 120(=C;)
and that of single error in each block among
them is 64(=3C,;xC;). Thus, the probability

that a codeword is decoded correctly is
Poy= Ple=0) + Ple=1) + & Ple=2). 1y

And the probability that errors are detect-

ed™? except the cases of correcting errors is

>
Pgy = p
J=1

Bl pe=p. = (%), w0

Here, when j errors are occurred, N; is the
number of error patterns that can be occurred
and Det; is the number of error patterns that
can be detected except the case of correcting
errors and also the case of decoding incorrect-
ly. Note that when errors are occurred, some

of them can not be detected and decoded

1219
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incorrectly. And some of the detected errors
can be corrected.

At this point, using Table 2, we can find
Det; according to the number of errors. In
(12). the case which the number of errors is
more than 6 hardly affects the probability.

Thus, we can approximate (14) as follows

P = 0.467P(e=2)+0.872P(e=3) +0.676P(e=4)
+0.951P(e=5) +0.751P(e=6). (1)

here the coefficient of each term is the result
of exhaustive searching according to code-
words and error patterns.

When retransmission is considered, the

probability of a codeword error is given by

pcwe:l_(F)cor‘i_PdeLPcor“J"IDZ(ie?l.Pc:ar"+-P]detpcor+ e )

__Pu 9
1=Pu’

Hence. by the assumption. the residual bit

error rate of the proposed code is

Poe=% " Poe. i

1
2

Fig 4. shows the residual bit error rate of
the proposed code and the conventional codes.
And it shows that the error control capability
of the proposed code is similar to that of the
code A because both of them are based on the
(8,4) extended Hamming code. A litter bit
higher residual bit error rate for the proposed
code is result from reduction in the number
of unused codewords. Compared with code B
and C, however. the residual bit error rate
for a channel error rate 107 and 107° is
reduced by approximately 1/100 and
1/100.000, respectively.

3. Complexity
For the conventional ECLCs based on the

1220
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Fig. 4. Residual bit error rate.

ay

(7.4) Hamming code'™, computation of code-
word disparity and running disparity is
required for encoding and decoding.
Furthermore, if block number is more than 1,
additional look up table may be required.

On the other hand, only simple pre-encod-
ing and decoding circuits shown in Fig. 1 and
Fig. 2 are required for the proposed code. We
do not have to worry about the disparities
since all the codeword dispairty should be
zero. And no look up table is required.
Therefore, it is clear that the proposed code
has far less circuitry and complexity than the

conventional codes based on the (7.4)

Hamming code.

V. Conclusions

In this paper, we proposed an efficient
ECLC which is based on the (8.4) extended
Hamming code in order to improve the spec-
tral characteristics at DC and low frequency

region and the code rate. Since the line cod-~
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ing parameters of disparity, running dispari-
ty, maximum running disparity and maxi-
mum runlength of the proposed code are bet-
ter than those ECLCs based on the (7.4)
Hamming code, the proposed code has shown
elimination of DC and better suppression of
low frequency components.

The proposed code has the additional capa-
bility of error detection by the unused code-
words besides the intrinsic error control capa-
bility of the (8,4) extended Hamming code.
Hence, the residual bit error rate of the pro-
posed code was much lower than that of
ECLCs based on the (7.4) Hamming code, but
similar to the ECLC based on the (8, ,4)
extended Hamming code because both of them
are based on the same code. Due to reduction
in the number of unused codewords. the code
rate of the proposed code was shown to be
higher than that of ECLC based on the (8.4)
extended Hamming code as well as ECLC
based on the (7.4) Hamming code with block
number 1.

In addition, implementation of the proposed
code can be accomplished by simple pre-encod-
ing and decoding circuits with the (8.4)
extended Hamming coder and decoder.
Therefore, it has been shown that the com-
plexity of the proposed code is much less than
that of the conventional codes based on the

(7.4) Hamming code.
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