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Estimation of the frequency component and
the orientational angle in texture image
based on the QPS filter
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ABSTRACT

Several improved quadrature polar separable (QPS) filters have been proposed and applied in texture processing
since Knutsson proposed the QPS filter. They include a Knutsson’s cosine function or an exponential attenuation
function, as the orientational function, and a Knutsson’s exponential function or a finite prolate spheroidal
sequence (FPSS) or an asymptotic FPSS, as the radial weighting functions. They represent different properties in
terms of the generation of texture images, the orientational estimation, and the segmentation of synthetic texture
image.

In this paper, we have constructed several kernel functions for the 2-D QPS filter and analyzed their properties.
A series of experiments have been carried out in order to estimate the frequency components and orientational
angles of a local texture in Fourier domain. Finally some problems encountered in applying QPS filters to feature
description and segmentation are considered. Experimental results show that the improved Knutsson’s filter and
the asymptotic FPSS filter are useful in terms of the orientatioal estimation and the segmentation of synthetic tex-

ture image.
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I. Introduction

Texture analysis in digital image processing is one
of the important steps toward idendifying regions and
objects. The design and application of the digital filter
in such task are among what to be necessarily con-
sidered. In recent years, a lot of digital filters for texture
image processing have been developed and their
applications have been discussed. The important factors
in choosing a good filter for texture image processing
include small energy loss, flexibility in filter design,
accuracy of local frequency and orientation esti-
mation, and tunable center frequency etc.

Among several filters for texture image processing,
Gabor’s filter is most commonly used as it can be
easily implemented and exhibits an interesting prop-
erty for achieving optimal joint resolution in space
and spatial frequency."” However, the shape of the
Gabor filter may not be optimal for tessellating the
frequency plane when strongly directional textures are
considered. In order lo achieve effective discrimi-
nation of strongly directional textures using Gabor
filters, many narrow bandwidth filters are required.
Cartesian filter is optimal in lerms of encrgy loss as
the filter function is composed of 2 FPSS’s (finite
prolate spheroidal sequences), while the frequency
characteristics are not easy to control.

Knutsson proposed a new 2-D QPS(quadrature

polar separable) filter with several benefits in terms of
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2-4 The frequency responsc of

good filter design.
Knutsson's filter is described on Fourier planc by
polar coordinates. And the response can be expressed
as the product of two kernel quantities:a radial
weighting function and an orientational weighting
function. The important feature on the filter function
for such a kernel pair is that they should have a
smooth variation and unimodal property, and that it
is quadrature and polar separable in frequency
domain.

However, Knutsson’s filter is not optimal in energy
loss. Zhao and Park ctc. have developed some
improved 2-D QPS filters, which consists of a FPSS
or an exponential attenuation function.’™® They have
different propertics in terms of symmetry and texture
cstimation.

In this paper, some design methods and problems
of the 2-D QPS filters are discussed.

The kernel pairs for the QPS filters are based on a
Knutsson’s cosine function or an exponential atlenu-
alion function, as the orientational function, and a
Knutsson’s exponential function or a FPSS or an
asymptotic FPSS, as the radial weightling functions.
They represent different properties for the generation
of texture images, orientation and frequency estimation,
and the segmentation.

A series of experiments have been carried out in
order to analyze and compare their properties in

terms of feature description, the orientatiof estimation,
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and segmentation.

. 2-D QPS Filter

As Knutsson is the first to propose a 2-D QPS filter,
the 2-D QPS filter can be analyzed with his filter
functions, The frequency response of the Knutsson’s
filter is described in the Fourier plane by polar
coordinates;it can be expressed as the product of two
kernel quantities:a radial weighting function and an
orientational weighting function.

The radial weighting function and the orientational

weighting function are given as

Fp, )=V lp)- V. () )]
Fy(p, ) =Vi(p)-V, () 2
where,

pthe polar variation of frequency,
¥ : the angle variation of frequency,
V1 (p):a radial weighting function and
V, and V, () :even and odd symmetrical orientational
weighting functions.
The radial weighting function Fp(p) is given as

follows.

Vilp)=expll ——— - 2. Lm? £ (3)
log, Pi

where p;, the central frequency, denotes the peak

value of the function along the radial axis. And B is

the frequency bandwidth of the radial weighting func-

tion. ¥, (}), ¥, (i), the orientational weighting functions,

are expressed as

V() =cos? (Y — ) 4)
Vo) =V () - sin[(y — )] (5)

where A is the frequency bandwidth of the onentational
angle, and ¢, specifies the preferrence orientation that
the function has been tuned to.

Thus the frequency response of the QPS filter

proposed by Knutsson is given as
Flp, y)=F.(p, ) + F,(p, ¥) 6)

An important feature on the filter function for such
a kernel pair is that they should have a smooth vari-
ation and unimodal property, and that it is quadra-

ture and polar separable in frequency domain.

. Analysis of Radial Weighting Function
and Orientational Weighting Function

Several radial weighting functions and orientational
weighting functions have been proposed in order to
improve the performance of the Knutsson’s QPS fil-

ter.5~®

3.1 Radial Weighting Function
Zhao et. al. have developed a new QPS filter using
the zero order FPSS as the radial weighting function.

It is based on an eigenvector corresponding to maxi-

mum eigenvalue of the matrix E.
(E—A - 1) - A® =0 @)

where A={hy, hy,---,hn-1]17. And E is N x N matrix.

After simplification, elements of E are given as follows.

1/2 - m(N—m) N=m—1

Cun=| (N—1/2~m)? - cos(2y) N=m ®)
1/2- (m+1DWNV—1-m) N=m+1
0 IN-m|)1

Therefore the radial weighting function of the QPS

filter is as follows.

Vslp)= Flyo(x)] )]
Eyo=2 " o (10

It should be pointed out that when the FFT of y,

(x) is executing in Zhao’s program for filter design,
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one sequence is deleted. It distorts the symmetry of
the FPSS filter in frequency domain. After modifying
his program,” the frequency chracteristics of the filter
is to be more circularly symmetric than in the filter’s.
Also, it can be developed as an asymptolic rep-
resentation of the Fourier transform of the order one

prolate spheroidal function as follows.

V.(p)=A(p) - B(p) (n

where,

Vi=p - (2Q0:-c"N*¥-20-x

Alp) =V, /{20 - N+1.0) : 0?)
V,=(2.0 - 22)C9%5) . C3 - p?
B(p)=exp(~V, /(2.0 - N+1.0)2- w*))

As controlling the center frequency of the filter, it is

represented as follows.

VS(P)zVs' (P"‘Po) p=po (12)
Vi(p)=0 p<{po (13)

where s=p or a, V;(p) is the radial weighting func-
tion in frequency domain

These radial weighting functions have different,
important properties in frequency domain. ¥ (p) is
most circularly symmetric to the center. However, the
local frequency region according to the filter length in
frequency plane is not greatly changable and this is
not flexible to construct the filter with wider bandwidth.
Further the frequency curve is not smoothly changed
and this is less suitable to the design requirement of
2-D QPS filter justified by Knutsson. V,(p) is based
on the asymptotic FPSS which approximate to the
optimal filter. It is not circularly symmetric to the
center in frequency plane, however, it is flexible to

construct the near optimakfilters with wider bandwidth.

3.2 Orientational Weighting Function

The orientational weighting function can be cons-
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tructed by an exponential function as well as the
cosine function. It is oblained by combining two
exponential attenuation functions ¥, () and V, (),

and 1s given as

Vie@)=V, () + V() (14)
VieW) =V, () —V> () (13

The two exponential attenuation functions, which
approximate the Fourier transform of the first order

Prolate Spheroidal function, are expressed as follows.

V() =e' Kl —i? Y < 180 + (16)
e(—k}(zm—.ﬁ+¢‘)')’ l//) 180+l//l<

Vz(w):e(-—l(,(lxow. +w)’)’ 'J/S‘//k (17)
e(~K,(¢~¢.A|8<)))1)_ l//>l//k

where i, is primary phase and K. is an altenuation
coefficient which controls the orientational bandwidth
of the filter. The optimal value for the attenuation
coefficient K, is evaluated using a least square method
by making functions ¥, and V, approximate an
asymptotic Fourier transform of the first order pro-
late spheroidal function. That is, it can be used to
construct the filter which approximates to the 2-D
Cartesian prolate spheroidal filter, and to design the
nearer optimal filter in terms of energy loss.
Therefore, the five kernel pairs for some QPS filters
can be constructed by combining these radial weighting
and orientational weighting functions. They can be

expressed as in the following equations.

Filter kernel Functions,

Method 1: Fix;{p, Y1) =Vilp) - Vi () (18)
Method 2: F;(p, y)=V,(p) - V() (19)
Method 3: Fq;(p, ) =Va(p) - V;; () (20)
Method 4: Fp; (p, ¥) =V p(p) - V; () Qn
Method 5: Fp;(p, Y) =V ,(p) - V;;(§) (22)

where j=¢ or o.

Fig. 1 shows the frequency responses of five QPS
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filters with zero-phase. The filter functions Fpy; and
Fpy; are circularly symmetric and the filter function
Fpy; and Fpy; show wider bandwidth properties in fre-
quency domain with the same bandwidth condition.

The filter function Fyg; shows the medium symmetry

property and wide bandwidth property.

(b) Fro 0, ¢)

d Fayle,¢)

) Fale,¢)

TR (PRI D] RN ST QPRI

Fig 1. Frequency responses of the QPS filters

IV. Experiment

In order to estimate the orientation and frequency
components of a local texture in Fourier domain, we
can form a set of the narrow bandwidth QPS filters.
When a random noise image is passed through each
filter, the textures with the corresponding orientation
angles are produced. In our experiments we have
drived the narrow bandwidth filters which have orien-
tation angle yr, =0°, 22.5° 45°, and 67.5°, 90°, 112.5°,
135°, and 157.5°. And a synthetic texture consists of a
set of the generated textures.

As the QPS filter can extract information on tex-
ture orientation and frequency, it may be used for
feature description and segmentation following the

steps, described below.
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Fig 2. Contour property of the orientational filter in fre-
quency domain

*Consist of an orientational filter by combining
four bandpass QPS filters with the same bandwidth
but different orientations. In our experiment, these
filters are wider than the filters used to create each
test texture images and the four orientation angles are
Yr=0° 45°, 90°, and 135°. Fig. 2 shows the contour
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property of the orientational filter in frequency
domain.
*Filter the

orientational filter.

synthetic texture image using the

*For each pixel form a vector whose components

are energy values computed from the filter outputs. i c.

S, =1 e, 2, [ile, 9, f2(x, 9), frlx, I (24)
with f;(x, 9)= (g, ) Fix, 9P+ (g x, 9+ F((x, A0

where i=0, 1, 2, 3. g(x, y) is input image and the

asterisk (*) denotes convolution. Fj;(x, ¥) functions

Table 1. Estimated orientation angles by method 1

denote impulse responses of the new filter after
changing into the Cartesian coordinates.

*Segment the synthetic image using the non-para-
metric classification method proposed by Spann and
Wilson.'” This includes quadiree smoothing, local
centroid clustering, and boundary estimation.

Knutsson have announced that orientation estimates
arc produced having an expected deviation of less
than 7 degrees.? In our experiments, orientation esti-
mates show different angles according to each method
and parameter. Table 1-Table 5 show the maximum

and rms errors of the estimated orientation angles to

Para. B=14 B=12 B=1.0 B=1.4 B=1.0 B=1.0
True Po=1 Py =1 po=—1 Po=0 Po=0 po=—1
ang. K. =0.0026 K, = 0.0026 K.=0.05 K.=0.05 K, =0.003 K.=0.008
) 7)7 o ]767(;')” o 176(4) 7 i7X(2) ; F——2‘_ﬁ~4 27 77‘177(3)
7:7; 225 - ;,f%o_", ,,,i 7 19 13 21\ 28 l(aw"
a5 as 45 . e 7 T
675 66 i - 657 . X\ o 68 1 7 771 | ()4 777777 7&)7
\970 o A%'E\ : 93 7 - 92 | 7 887w7 7 7877 N ;47
) ‘Vﬂ] 12.5 110 o 113 7 112 \‘;8 - “99 ’ ’—ﬁl—]8 AAAAAA N
s e e 135 0 s 135
s [ s | ows [ e | [oe 09
RMS err. 2.74 2.67 3.64 6.79 6.23 3.60
Table 2. Estimated orientation angles by method 2
Para. HBW =r1/2 HBW = 7/2 HBW =n/2 HBW =z/2 HBW =n/2 HBW =n/2
True A=5 A=10 A=15 A=20 A=10 A=1S5
ang. po=1 po=1 Po=1 po=1 po=1 po=1
e | e | me | w7 |
Cows | w19 o 6 Ee BN T
R B A T ) H
f)z.S i ?Z N 70 - , 70 l Wi,?ﬁ o (177 ) 67
90 91 92 92 92 92 92
;l 172.5 - 7118 N I iVS 1i5 114 N ]2(; 7 ;Wl7237 o
;71375k 777777 7]32 132 7 143 ‘\ 133 - | 134 B 134
Casts | 150 153 154 | 5w 19
C RMSer. | 376 | 3% | 2w Ge | oam |
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Table 3. Estimated orientation angles by method 3

Para. | HBW=1r/2 | HBW=1x/2 | HBW=gr/2 | HBW=n/2 | HBW=2/2 | HBW=z/2
True K.=0.003 K. =0.006 K.=0.008 K.=0.003 K, =0.004 K.=0.005
ang. po=1 Po=1 po=1 Po=0 Po=0 po=0
B 1770) 78 | e | 1me) e 172(8)
’“—22;-— 21_7 B NINSW. 16 27 25 19
h 45 45 45 45 44 44 44
67.5 68 72 - 747“ 6; o 67 ) 70
o 90 92 93 94 92 ) 49_2 92
B 112.5 116 114 113 Bl 125 126 123 ‘
B 135 135 134 134 134 134 134
B 157.5 B 154 155 1‘55 143 B ]l;] 127
RMS err. 2.24 2.81 3.82 7.56 T 744!;15 IT;S?
Table 4. Estimated orientation angles by method 4
Para. BW =3/10 BW =3/10 BW =3/10 BW =2/10 BW=2/10 BW=2/10
True A=S5 A=10 A=15 A=15 A=20 A=15
ang. po=2 pPa=2 Po=2 po=2 Po=2 Po=3
VA__MO 179(1) 179(1) 179(1) 179(1) 179(1) 178(2)
22.5 25 24 21 21 19 16
45 44 44 44 44 44 44
B 67.5 675 65 66 67 70 71
- 90 96 94 93 93 — 93 90
112.5 122 118 116 117 117 113
135 136 134 135 136 136 138
157.5 145 149 150 150 150 159
RMS err. g[() 4.03 324 - 3.55 o 7 3.82 298
Table 5. Estimated orientation angles by method 5
Para. BW=2/10 BW =2/10 BW =2/10 BW =2/10 BW=13/10 BW =3/10
True K.=0.006 K. =0.007 K. =0.045 K. =0.008 K. =0.006 K.=0.045
ang. Po=2 pPo=2 Po=2 Po=2 Po™ 2 Po=2
0 0 1 o 178(2) 2 o 3 N 0
- 22.5 17947 19*7 22 18 . 18 21
45 44 - ;l;f B 44 44 : a 4 44 o
N 67.5 70 70 66 72 70 61
90 93 92 93 92 - R 92 ) 94 -
B 112.5 117 116 o 117 i16 - 116 ll774~ -
B 135 136 136 137 o 136 o 136 1357_”
B 157.5 150 150 149 150 150 149
B RMS err. 3.64 3.43 N 3.76 3.867 . 3.7 3.77
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Table 6. Minimum rms errors of estimated orientation angles

error/method 1 2 3 4 5 Knutsson
Min.rms error 2.67 2.81 2.24 2.98 343 Max. 7
eight generated textures after they have been analyzed function.

by their orientational filters. These filters have similar
bandwidths.

Table 6 show the minimum rms errors of estimated
orientation angles by each method. However, we
show only maximum error as Knutsson didn’t
describe the minimum rms error of estimated orien-
tation angles in his thesis.

The optimal filter in terms of energy loss can be
obtained by using FPSS as the radial weighting func-
tion. The exact symmetry of the FPSS filter in fre-
quency domain is obtained by modifying the Zhao's
program. However, the frequency region changes
according to the filter length is relatively small and
the frequency curve is not changed smoothly.

This is less suitable to the Knutsson’s requirement
for 2-D QPS filter design, and leads to unexact orien-
tation estimation. The asymptlotic FPSS method is
flexible to bandwidth changes, and is more suitable to
the texture orientation estimation and is easier to con-
trol the filter properties in frequency domain. How-
ever, it decreases the symmetry to the center.

The improved Knutsson’s filter(method 2) using
the exponential attennuation function represents good
symmetry as well as the flexibility to the bandwidth
change, and show that it is more suitable to orien-

tation estimation and texture segmentation.

V. Conclusion

Several 2-D QPS filters for texture processing have
been analyzed. They can be constructed by combining
the radial weighting function, which consists of the
Knutsson’s or the FPSS or the asymptotic FPSS, and
the orientational weighting function, which consists of

the cosine function or the exponential attenuation

1130

The optimal filter can be obtained by the kernel
pair using the FPSS as the radial weighting function.
However, the frequency bandwidth control according
to the filter length is relatively bad and is not smooth.
The asymptotic method is flexible to bandwidth
changes and the orientation estimation. However, it
decreases the symmetry to the center of the filter
responsc. The improved Knutsson’s filter using the
exponential attennuation function represents good
symmetry as well as the flexibility to the bandwidth
change. Finally, the experimental results show that
the improved Knutsson's method and the asymptotic

FPSS methods are more suitable to texture analysis.
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