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Trace Representation of Hall’s Sextic Residue Sequences
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ABSTRACT

Pseudonoise sequences of period 2™—1 with ideal autocorrelation have been researched such as m-sequences,
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GMW sequences, Legendre sequences, and extended sequences. The m-sequences, the GMW sequences, the Legendre

sequences, and the extended sequences are best described in terms of the trace function by previous works. Besides,

there are Hall's sextic residue sequences and miscellaneous sequences with ideal autocorrelation, whose general

constructions are not known so far. However, there are no explicit description of the Hall's sextic residue sequences

and the miscellaneous sequences in terms of the trace function. In this paper, the Hall's sextic residue sequences

and the miscellaneous sequences of period 2”—1 are expressed as a sum of trace functions. The miscellaneous

sequences with ideal autocorrelation, which are newly found by computer search, are also expressed as a sum of

trace functions.

I.M &

HT 495 < PN A # 2(pseudo noise sequence)
s B oAHE 3 Al 2(pseudorandom se-
quence)= FAIEof #utk ofe} 1 99 o2 Fof
A 2o AHEEY S WE fot F, FE LEEA
Alzd o2 ApgEo] g AU EY FAA LY
(spread spectrum communication system)ol] A wj A =]
dolE A& AHEYHG At 9 4 A7]7) 9
3 AR T2 AlEEo) g w3 AP EolA 4R
EANTE Bore) $3A JEE i Ye A
o2 o|FEAlA A¢l(digital cellular system), 7] ]F
th £ A1 A ~¥)(personal communication system:PCS)
2 2} o) o] B E A A 2 & (future public land mobile
telecommunication system : FPLMTS) &°] 31, ]
A A2 gL ST oz RIEY e
224k (code division multiple access: CDMA)E ¥ 5
o2 QYA Ad-g zeida vt o] CDMA
WA 71 Fad A8 arEe AREATHY
o] A28 HEE oy AR Az HHEY
< AR 7= AFE-El= A 9 (signature) Al 290
o, olgl o2 o)At Al 2 ARRE T 2,
AR Afdae 29 Fan 9 A HE
3 de dsRopil 2EYLTEA 2] ¥y
7149 71 2EY(key stream) 2.2 ALE-E F gloH
w3 CATV 259 239 8% 2 GPS(global posit-
ioning system)ol M &= A4 71 &2 AFE-H 2 9o}

Z717} vQl oA Al A{a), a€{+H], —1}1E 1=0,
1, 2, -, v—1ol dis] F714 2}p7]43# g5 (periodic
autocorrelation function) R(t)x= &3 7ol Ao
T Q.
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R(z)éi Qi * Qi+ 48]
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A, 2 E ol A= mod vE ALMETH A8 ¥
ok} BAIA| A" oA ofgoll A A upe} o]
A7) 2level 2 ZHE =, o] AFAQl 2pr1A
BEAGL zhe o2 A 2E o dioi2], [3].

v, for t=0 mod v

RD=| @

I, otherwise
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uw= L @)
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@GF2MU 2]l =& A E U bol) U3t tralx)
=bZ YrEsle GA2Y AoA 9 xe A &3 27l
o]t}

@GF2M 2 FE 94 xo sy &3 22
TAE BHEsi

tri(e) =tri{tr i)} (6)

ole#h trace $5E ol &3] F717k -1 oA
mAlAAE RASNW et 2ot

s(8) =tri(e) @)

ANA a= GF2MNY YA Y(primitive element)o] T},
B =5 [3& cyclic Hadamard difference set
o] A8 E A3t BEA T o] FH A7)
AHEA S 2 Hall's sextic residue Al A 225 trace
g ol gl RdsH T WA o443 =
71%4854S e Aol delA A ¥ JlE
Al A2FT} FHFE searchol] o3 BAE MZE oK
AlE2E trace I8 o] 83t XY 282
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II. Hall's Sextic Residue AJ& A

1. Cyclic Hadamard Difference Set

A2 b & k7 9 residue d,, d2, -+, dy mod v4] 3
ol 2E residue b#0 (mod v)ol] A&l b=di—d;
(mod )8 #AAAE BEAIE (di, di)7F VI EA

gopd, of A& (v, &, A)-difference set D} o},
71 A zt el e &2 g8 A 4L wEr)

M=) =kk-1) (6))

(v, k, A)-difference seto] (dn—1, 2n—1, n—1)%1 73
9-Z Hadamard difference seto]e} dt=d] A noj
)&} 4n2| orderE v Hadamard 8 & 74 &
A}

w3 2] 7Z]o|E Z+ balanced binary two-level
autocorrelation A @ 2Z v +19] order& zE cyclic
Hadamard Y HEE HE = Jon R, olg A FLE
cyclic Hadamard Al @223 R 271x @) A F7%
2 922 Hadamard difference set&-& thg3 722

4747 0] .

D GHA P 9 quadratic residue £ o] F o} X] & Paley-
Hadamard difference set2] AJ2] &7} U}, o] A& o]
83t v=dan—10| 25Y Ao ve] HolE ZAe
Legendre Al A 28 748 4~ A rH8)

@ X E prime power g9} d =29 ZE H ol 3l
cyclic (v, &, A)-difference set D7} FEA3}0, o} &
Singer difference seto] 2} 3l=dl, 971M ¢=29 3¢
o &3 7e gEn e E 2t cyclic Hadamard dif-
ference set-& RHET}.

4+ —1,29—-1,2474-1) 9

@ ps} p +27} odd primeo] 2t order7} v=p(p +
2)¢] Hadamard difference set-& 9 & &4, ol &
twin prime constructiono}g} &t} o]E o] & 3}q]
Jacobi Nl A 2E A + UG

@ pE p=4x*+27 B2 primeo] 2™ sextic resi-
due?) oJH cosetEE o] &3 o 24 GAPWH Y cyclic
Hadamard difference set-2 F+A & 4= Ut} o] A & 9]
£-8lo} Hall's sextic residue A 828 £ 4 AUk

Mersenne prime p} p=4x2 +272] Fej7t 2+& A
= p=31, 127, 1310719] 37bA]R1d], °]& 9 v=
31 i gho] @92 sextic residue®} Singer difference set
o] dx gt} &, v=15Y o} Paley Al 2] 22} @] twin
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prime construction& ¢ %) gt}

Finite field} 2] cyclotomic classE&Z %€ abelian
difference set®] 8 AE A sh= Aol sl 22t s
&2}, Prime power ¢ Z A AL GHgre 92 o
Stg—l=efE TF3c e f#I1R F] A5 *A
Al 714, ed Al cyclotomic classes Co, C1, *+, Com) S
oh&- 3 7

Ci={w®t:s=0,1, -, f—1} fori=0,1, -, e—1
(10)

Al B, o] A EL GAGW Y el A H59] H
Co 9] multiplicative coseto] C}.

EF, o] AL q7F 258 Cod) Y49 e-th power
residuedt @k e=2, 3,4, 5, 6, 89 330 thal) 2z
quadratic, cubic, quartic X+ biquadratic, quintic,
sextic, octic residuezty v}t B =FoAM £ |
= Hall’s sextic residue Al A A& e=60] t]al|l A A4
T 4= Atk £3§ eE order® ZH= cyclotomic number

F& thgst ol et

@, De=(x, y):x€Ci, yeCj, x +1=y}| (1)

Cyclotomic number& & cyclotomic classE 2] 24§
ST 2N, GAg)Y additive group G @) differ-
ence setg =6 93}

g=ef +17} odd primeo] 2} 7}A 8} 2, order e2]
cyclotomic classE 9] 3ol difference setd ¥4
I, fE 503 e FSolth

£ sextic residueE multiplier2 zki F418 4o

2 R85+ group G=E 4@ 9 difference seto] &}
3z}t 471 g=1(mod 6)-& TH53}= prime power2t
9, De &3 e 271A] A Fol shrto[t)

@®g=3 (mod 4)°] 2 Dt quadratic residue® 4]
At

@g=4x*+279) BHE 71AY, D=C,UC,UC;
o]t}

Hall’s sextic residue Al g2 o]9) 7F& difference

st DE ol g3t A4 T & Ak
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SdodAe dollA AF T cyclic Hadamard A]
#2F F ol Hall's sextic residue A3 29} A4 uby
of AEAA FL o JEA Y 7E} A B AES trace
g ol 85t EH3HACT

2. Hall's Sextic Residue A|RA2| Trace Bt5-22
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Ayt o oA AJAXAE trace TS o)
&3t BEF R 1 A2 Ay @ A4
719l FEE goldA & 57} AUt wEbM B A
© ol AQl 47145 4§ %e Hall's sextic residue
Al A AE trace F4& o] &3} FA 3T Mersen-
ne prime p7} p=4x? +27=2"—1-2 RZA| I £ =
o83 7ol p=31, 127, 1310717} 93 ol E9] 37
o tjafA] Hall's sextic residue Al @27} &4 3}+=H,
o] &2 thE 3} 2ol trace FTE o] &3t HUY
Atk

hty= Y T (@) (12)

=0

o714 ue modulo pAANE & xS JHS 2,
9] Al (primitive element)©] ™, av GF2™2] YA
ol

oA Yo HNeg p=31, 127, 1310712 o,
Hall’s sextic residue Al A& trace 548 o] &3}
BR & ok o)

|, p=2"m—1=2—1=31¢) AL Hall’s sextic
residue A W 2= trace §-8 o] £ 8k thg3} 7ol
18 5 At

b=t
6
Mty= 3 @) =tri(d) 13)
iz
wakA, p=3121 A S+ Hall's sextic residue A} &
Z2Em- A A2 FYFEE G 5 U
p=2"—1=2"-1=127¢1 A$o) Z»9 QAL
3o]m & Hall’s sextic residue A|A A& trace &+E

o] &3ty RH3H vhE At
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om 2
W= ¥ tria= Y tri@™

i=0 =0
=tr7(@) +tr](@%) +1r] (™) (14)

p=27—1=2"—1=1310712 BN E Zinonl €
Alglo] 30]m 2, Hall’s sextic residue A28 trace

358 ol 43t HRSY tha 2t

om TV 1284

M= ¥ trMa)= Y tr) @) 15)
izo i=0

olm), 7+& Z7)1E 7Z+E cyclically different$t Hall's

sextic residue Al Ae 25 6787} EA4 8.

. 7|t AIHAES] Trace #5229 Y

wgol B FroA opAe AWl U
A kA, o] H Q) ANFBENE e 7E
A2 A% E ol YA gt ¥ =&
HNE 2 FolAM AFEN @ Byl oj3fe] &
A oA A AAENE HE e AEEE
£ trace 2 FAHA.

27— 1=1279] F7M & oAU A7) 3RS
7He oA Ald 2t BF 6% 77 EAEY F, m-A
2, Legendre A # 2, Hall's sextic residue A €29
o 322 71et AlA27 EACHA]. 2y ol
o] 3259 7lgt Al82E o137 trace F5E &3}
o] HHHA ZaPgded B =FqME ol5E o
o} 4217} 7+ol trace & ol &-3te] BT

51 =tr () +tr (@) +tri(a?) +Hir (") +ir{(a?)
(16)

) = tr (&) + 7@ +tr (@) i7" +17 ()
(17

syt =trl(e) +tr](®) +tr (') (18)
714 ax GFRT)S AA ol

28 —1=2552] F2 QM e o] A7 3HAEA
& zHE o)A A 27} 4FF7 EATY F, m-AE

A, GMW 2@ 29]d) 2F # 9] 7]et Al 27} EA7
tHSL ol &9 71E} A)BAE trace 5 E o] L8t
#@3A 2kt ohg 3 ok

§1(0) = (@) H7 @)+ (@) +r3 (@) + 173
(19)

$2(D) = tr8() +1r3 () +1r i) +175(a) +ir 1Y)
(20)

A 7| M ae GR2%)2] YA Holt}

g3 2°—1=511¢] F7)oM& 2559 F7|oA
g} 7ro] o] H Q) AV HAENE e o AAX
} AR AAE Re BT 457l F, m-AlE
2, GMW Af 2 83 2 9)¢) 2879 71E Al
27b EAgche Aol 42iA Actel o1& 71E
A AXE trace F4E o/ &3l RHeE 7z o
st 7t

1) = t73(ed) +17(e) + 173 732
) 1752 73 (M) @D

$2() =)+ (@) +#r](?) (22)

A714 a GA2%)2 A foltt

210-1=10239) F7ldME o) FHd AR E
g e oA AA27 m-AEL, GMW Ald &,
71233 extended Legendre Al 2 Sof Sled & =
oA & 2 FE searchE £31o] o] 43 271443
B4 73 9o} e Yol FAHen &
212 2] gL st N2 7E AF2E FAA
e, ol A& trace & o) L3 REEHA I
2}

s =tr%d) Hr(@®) +1r (@) +tr (&)
+tr (") (23)

71 M ot GA2'9)2] YA Yot}

a8 x 2B - 1=81919] F7|AMx AF7HA &=
A ol A GBRENE ZE ol AF2E 9
o shite] e 7et Al @28 FFE searchE &
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sto] WANAL. o AL trace F4E ol §5te] X
st ohex ok

s(O=tr2(a) +rP @) +ir (") (24)
714 at GR2™)e YA Yolt)
NEg &

£ =8dMe 538 F7)0A ol dHA A7)
HEX & 7t Hall's sextic residue A] @& trace &
F2 BHEIAYOY, B 5T F7)oA o] 3HA
A7) 4B ERE Zheuka g2z F7171 127, 255, 2
snoael 71et A FLES trace FFE o] &8l
R¥stgon =g F7171 1023 4 81919 A $-o+=
oA & A A MYl YA ¥ 7L A
A2ES N2 YA}AL o]EF trace F+E 1§
stod A webA, & AEFA A|lAAE
3 7 2 Aol A AR & 7] Al
2 E-Z finite fielddoll A trace & o] L3ld XE
FoRH o] AlEAEY A 7 % A4S T+
Ho] gol3A HAU.
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