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Convergence Analysis of the Filtered—-x LMS
Adaptive Algorithm for Active Noise Control
System

Kang-Seung Lee* Regular Member
ABSTRACT

Application of the Filtered-X LMS adaptive filter to active noise control requires to estimate the tra
nsfer characteristics between the output and the error signal of the adaptive canceler. In this paper,
we derive an adaptive control algorithm and analyze its convergence behavior when the acoustic noise
is assumed to consist of multiple sinusoids. The results of the convergence analysis of the Filtered—
X LMS algorithm indicate that the effects of parameter estimation inaccuracy on the convergence beh
avior of the algorithm are characterize by two distinct components : Phase estimation error and estim

ated magnitude. In particular, the convergence of the Filtered-X LMS algorithm is shown to be stron

gly affected by the accuracy of the phase response estimate. Simulation results of the algorithm are

presented which support the theoretical convergence analysis.

I. INTRODUCTION

Adaptive approaches have widely been used
in active noise control applications in which t
he unwanted noise sound is adaptively synthe
size with the equal amplitude but opposite ph
ase, resulting in the control of the acoustic n
oise as shown in Fig. 1.

In Fig. 1, the input microphone can be repl
aced by other non—acoustical sensors such as
tachometers or accelerometers in which case
the possibility of the speaker output feedback
to the input microphone is removed [1]. For i
nstance, periodic noises to be cancelled can b
e generated using its fundamental sinusoid.
The adaptive filter output derives the loudspe
aker in such a way that the acoustic noise a
nd the loudspeaker output can be summed to

null at the error microphone.

Although any adaptive algorithm can be us
ed in Fig. 1 is not appropriate. The reason is
that the acoustic path between the filter outp
ut and summation point of the error signal is
frequency sensitive, which acts to distort the
phase and magnitude of the error signal. In
turn, the distortion of the phase and magnitu
de in the error path can degrade the converg
ence performance of the LMS algorithm. As
a result the convergence rate is lowered, the
residual error is increased, and the algorithm
can even become unstable. For these reason
s, it is necessary to use the so-called Filtere
d-x LMS algorithm [2,3,4,5,6] for which the t
ransfer characteristics between the output and
the error signal of the adaptive canceler must
be estimated and the result be used in the ad

aptive algorithm.
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Fig. 1. Basic
controller configuration.

adaptive active noise

In many practical applications, the acoustic
noise to be cancelled is generated by rotation
machines and thus can be modeled as the su
m of a fundamental sinusoid and its harmoni
cs [2,3,7,11]. For example, fan noise is freque
ntly generated in the consumer electronic pro
ducts such as air conditioners, vacuum cleane
rs and so on. In this paper we are concerne
d with cancellation of fan noise based on acti
ve noise control filtering. And we derive an a
daptive controller structure and analyze it
s convergence behavior when the acoustic noi
se can be modeled as the sum of a fundamen
tal sinusoid and its harmonics [2,3,7,8,11]. Th
e convergence analysis is focused on the effe
cts of parameter estimation inaccuracy on the
performance.

Following the introduction, we give a brief d
escription of the underlying system model in
Section II. The results of the convergence an
alysis and the simulation are presented in Se
ctions I and IV, respectively. Finally we ma
ke a conclusion in Section V.
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Fig. 2. Rearranged form of the controller
under linear system condition.
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Fig. 3. The diagram of  adaptive  active
noise control system under study.

Io. SYSTEM MODEL

Since the loud speaker—air-microphone pat
h of Fig. 1 is linear, one can easily get the
equivalent system as shown in Fig. 2. When
the noise consists of the multiple sinusoids o
nly, the acoustic and loudspeaker—acoustic—
microphone paths can be described by the m
ultiple in—phase ( J) and quadrature (Q) weig
hts as shown in the upper branch of Fig. 3.
For the m-th sinusoidal noise the adaptive ¢
anceler structure also becomes to have two

weights  @;,{(n) and g (7)), with [ and Q
inputs, x;,.(7) and xg,(n), respectively. T
hus the output of the m-th canceler, ¥,,(%),
is expressed as

) = @MW, (n) + wo (Wxg L n) (1)
where

T = A,cos(w,nte,)2A,cos T, (5),

xomn) = A,sin(o,n+e,)2A,sin¥,(n),

m © branch index = 1, 2, 3, ..,M,

n : discrete time index,
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A amplitude,
w,, - normalized frequency,

¥, : random phase.

Also, referring to the notation in Fig. 2, the e

rror signal e(#) is represented by

dn)= mél[cl' e FCamBomn] +7n)
= - ﬁ[z‘lm{ 108 Ty(0) + g ,sin T, ()}
{@1,(W— )]
_ yﬁ:l[Am{ ST (1) + Cg c0s T,(1)} @
{@gn(n) =g u}]+7n)
where

elm2e(n = S1d,(m—y,(n),

& @ 90°phase-shifted version of &;

7(n) * zero—mean measurement noise.

Assuming that A7) and a)Q,m(n) are sl
owly time-varying as compared to x;,(%) a
nd xg (7 , the phase-shifted output is give
n from (1) by

You(M= S0y, ) 50,
3 A0 s B0 —og W e Tm).  (3)

From (1), (2), and (3), one can obtain as LM
S weight update equation by minimizing

eZ(n) and using a gradient-descent method
[4] as

@ (n D) = g, (1) + 10 {11 wM) + ComXan(M},

0o n(n D)= g+ edm){cp g ) +cqurr AM}, (4)
where m=1,2,..,M and y is a convergence co
nstant.

It is noted that to implement the filtered-x
LMS algorithm of (4), the values of c¢; and
co must be estimated [10]. In the followin
g, we analyze the effects of replacing c¢;,, a

nd c¢g., in (4) with &;, and &g, on the c
onvergence behavior of the canceler.

o. CONVERGENCE ANALYSIS

A. The mean of weight error (Magnitude)
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To see how the adaptive algorithm derived

in (4) converges for inaccurate ¢, and &g
we first investigate the convergence of the
expected values of the adaptive weights.
From the underlying signal model (Fig. 2),
Elw;,(m] and E [wg,(®] are expected in
the steady state to have w;, and @g
respectively. To simplify the convergence
equation, we may Iintroduce two weight

€eIrors as
orkn) & w0, — g,
and UQ.m(n) = wQ,m(n) — W@ m. (5)

Then, from (2), (5) and Fig. 2, we get

él, m( n)
& n(m)

—Ur m(”)xl, A1) — Vg, m(”)xQ. A7),
— 01w 2 1)+ 0 M 21 (). (6)

Inserting (5) into (4), we have

01 1) = 07, 0) + 1, W& 0 W)+ g X (W},

D1 1) = 0 () 11,1 50, ) . k1, (1)) (7)
Rearranging (7) with (2) and (6), taking
expectation both sides of the resultant two
weight error equations, we can get the
following convergence equation based on the
independent assumption on the underlying

signals; x,(n), 7(n), U and g, That is,

(ZCitbl) = (2 &) (Fltnd])

(8
where

1 _é /‘mA%n(CI, mél, m+ Cg, méva)

3

[

1 2 (A N
B2 92 /lmAm(Cl,m Com— €1, mCQ,m)-

Here, defining gain and phase response
parameters as

2n 2V &t om

g2V &t

1, C,
O = tan '(—22),
Crm

L
& tan TI(=E),

0,
and Yo o

@, andfB, in (8 can alternatively be

expressed as
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a, 21 —é P, ,008 00, ,

B = % U8l 0 20, (9)

where 2 2 Op— O
Also, using similarity transformation we
can convert (8) into the transformed domain

as
E [0, (n+D]\ _( 1=, 0 E [0, (n+D]
(Zeeonm )= M EeseiD)  ao
where
/L,m:%#mAigmgm{cosAﬁc‘mtfsinﬂﬁc‘m) i= 1Q.

It should be noted from (10) that since

Aim 's are complex values, so are the
transformed weight errors. Therefore, we
consider the convergence of the magnitude of
the transformed error as
it = 11=2,,) 0;,{n), i = LQ (11)
where o, ,.(n) = |E[5,(w]l.

We can see from (11) that the magnitude

converges exponentially to Zero

(i.e.,E o (0] to ], ) under the
following condition
M= <1V, i=1Q (12)

Squaring both sides of (12) yields
1 — 1, A8 ,nc08 20, ,, + i#anzmgzmém <1

0< 4cos 26, ,

Algng, O 0 < x, <1 (13)

2 .
RN JZ00 o - -
where im = 4cos A, *

The time constant of the exponential
convergence is derived from the following [4]:
o Vi ~ 17#

Tiim
=|1—4, forlarg r;, i=1Q (14)
From (11) and (14) we get
1
L 11 A o5 56, + AL

Tim =

_ 1
114, A—x,,) cos?40,,, (15)

where 1 = I and Q .

B. The sum of the squared weight errors
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Next we investigate the convergence of the

mean-square—error (MSE), E[ez(n)]. Using
(2), (6) and (8) we can express the MSE as

H(n] ™ mzﬂi"lez'”(”HOZ”

—% 3 Aden + 4 (16)
a, = Hr(],
where g, 2 Hd, (0] + EHi,(0)].

It is noted from (16) that the convergence
study for the MSE is equivalent to that for
the sum of the mean-squared weight errors.
Inserting (5), (2) and (6) into (4), squaring
and taking expectation of both sides of the

result yields

Ent]) = 7,&(n + 3, (17
where
Ym & 1 _:umAzmgmgm COSA&U,W
1 A 9= cos (20,1,
82 1AL 000

Thus, when | y | < 1, (17) has the solution

&= 7080 + 10, (18)
Consequently, the convergence condition of
the sum of the squared weight errors can be
obtained from(18).
[ 7 | <1 (19)
Solving (19) yields

16 cos 20,
A28, 8, (9—cos220, )

or 0< x,, <1. (20)

o a0 8, (9= 08200, ,,)
where  *ms= A 16 cos 2.0,

0 < pu<

The time constant of the exponential
convergence is derived from (18) and (14).
1

s T A gy 2 alcos A0, ,— € )
_ 9—cos246,.,
16x,,  (1=x,,) coszﬁﬂam (21)
where

PN fé#mA%ﬂgm n (9= c0s220,,,,).

We can obtain the steady-state value as
&(0) =06,/ (1=7,)

ozl
g,fcos 20, ,,—e}
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_ 16%,..0
AL (1-x,,) {9—c0s220, ) (22)

The results of the convergence analysis are
summarized in Table I.

Table | The results of the convergence
analysis of the Filtered-x LMS algorithm.

mean of weight error ) o
) Summed variance of weight errors
(Magnitude)

A 2,8,[9— c0s22.60))]

2 A
Al A8y Zon,s
T /=" Ycos 26, 16c0s 2 0c.

N
042, 16cos 2.6,

¢ 4cos 20,
’ A’,g,8,09—cos@220, )]

- 0<p 2 s
Stability " AE
condition

o 0< x,,¢<1 or 0 < <1

I T
Tme A Lt g0 By | I0s@00)
constant 16%,,, (1= 2, Jc0s* 20,
Steady-state 0 162, ¢ 7
value A%, &, (1=, 9 —cos (220, ,)]

Fig. 4 show the time constant curves
obtained from the analysis of the mean of
the weight error magnitude and the summed
variance of weight errors when the phase

errors | 28, | are (1) 0°, (2) 45°, (3) 60°, and
(4)75°. We can see that the convergence

speed is the fastest for x, = 0.5 in case of

same |28, ,l.

(a) Mean of the weight error magnitude.
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(b) Summed variance of the weight.

Fig. 4. Time constant.

(1 126.,1=0", @ |26,,]=4",
@) 126.,1=60", 4 1260,,]1=T5".

IV. SIMULATION RESULTS

Results of computer simulation are
presented in this section along with those of
the theoretical analysis of the Filtered—-x LMS
algorithm in section IMI. For convenience, we

consider a single sinusoid case. The input

signal x(7) and desired signal d(n) are

given as

=03 {2004 + o 0}
dn)= ”i‘i{w?mxz‘m(n) + Wom¥enn }
= 0.6,00) — 0.1y () + 035101 —0.3x,(). (23)
where the sinusoidal frequencies of the
sinusoid and sampling were 120 Hz, 240Hz
and 2KHz, respectively. The variance of the
zero-mean measurement noise was 0.001.
The initial weight values were all zero. The
simulation results were obtained by ensemble
averaging 1000 independent runs. The
convergence constant B was 0.002.
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. 0000 . Analytical Results

i Tl — ! Simulation Results

Fig. 5. Learning curves of the summed
variance of the weight errors.

(1) 126.,1=0", @ |26,,|=45",
@) 126,,1=60", 4 [26,,|=75".

Fig. 5 show the learning curves obtained
from the analysis and simulation of the
summed variance of weight errors when the
phase errors |26,/ are (1) 0°, (2) 45°, (3)
60°, and (4)75°. It can be seen from the
figure that the theoretical results for the
summed variance behavior agree well with
the simulation result. We can also see that

the convergence speed is the fastest for

N
V. CONCLUSIONS

We can easily see from Table I that the ef
fects of parameter estimation inaccuracy on t
he convergence behavior of the filtered—x LM
S algorithm are characterized by two distinct

components : Phase estimation error 268, an
d estimated magnitude §. In particular,

| 28, | should be less than 90°for convergen

ce. It is, however, noted that once x;or x;
is selected, the convergence turns out to be d
etermined only by A6#. The convergence s

peed is the fastest for x = 1/2 regardless of

Copyright (C) 2003 NuriMedia Co., Ltd.

AfQ, When 20.=0and g = g the conv
ergence result becomes the same as the LMS
case. In conclusion, the convergence of the
Filtered—x LMS algorithm is shown to be str
ongly affected by the accuracy of the phase r
esponse estimate.
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