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ABSTRACT

In this paper, we propose a complex-valued IIR filter for digital VSB signals based on CMA in order to 

efficiently mitigate multipath distortions, especially the leakage from the quadrature component. The proposed 

equalizer overcomes the drawback of the conventional real-valued IIR equalizers that it attempts to equalize 

Hilbert transform of quadrature component. We demonstrate via simulation that the proposed complex IIR filter 

successfully mitigates the leakages from the quadrature component, while the conventional real IIR filter requires 

a longer IIR filter to achieve the same performance. We present cost function analysis for a simple two-tap case 

showing that the proposed IIR equalizer with CMA for VSB signals has a global minimum at the desired 

location.
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Ⅰ. Introduction

In wireless data broadcasting systems, due to the 

increasing demand for high data rate blind adaptive 

equalization is preferred. For past decades, linear 

blind (adaptive) equalization has been intensively 

studied and widely used in industry
[1-3]

. Recently, 

recursive equalization scheme, or infinite impulse 

response (IIR) equalization scheme, is introduced to 

deal with much severe multipath channels. As a 

blind linear equalizer is switched to a deci-

sion-directed least mean squared (DD- LMS) equal-

izer after attaining reasonable symbol rate, IIR-equal-

izers are used in conjunction with DD-feedback 

equalizer (DFE)
[4, 5]

. Mostly used adaptation algo-

rithms for IIR equalizers are Constant Modulus 

Algorithm (CMA)
[2, 3]

, a popular blind adaptive al-

gorithm for linear equalizers, and Minimum Output 

Energy (MOE) algorithm
[6]

. Although, their stability 

issue and global convergency issue are not thor-

oughly resolved
[7, 8]

, blind IIR equalizers are cur-

rently the most efficient method to acquire open- 

eyed constellation from the cold start-up when used 

with DFE. 

Especially in ATSC DTV receiver System, an 

IIR equalizer followed by the DFE plays a critical 

role to recover received 8-VSB signals distorted 

from long and severe multipath channel
[9]

. As illus-

trated in Figure 1, in a conventional IIR structure 

the received 8-VSB signal is equalized with a com-

plex-valued linear feedforward filter, and then the 

real components are processed by a recursive filter 

to restore 8-PAM
[9]

. 

Although it  is natural to use real-valued 

recursive filter for the real-valued PAM signals, it 

has a critical drawback in the presence of the 

Fig. 1. Conventional IIR Equalization System for 8-VSB signals 
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leakage from the quadrature component. Since the 

quadrature component of a VSB signal is Hilbert 

transformation of the in-phase component
[10]

, the 

effective channel for in-phase component in the 

presence of quadrature leakage becomes an infinite 

length channel due to the Hilbert transform filter. 

In this paper, we propose a blind adaptive com-

plex-valued recursive IIR equalizer for digital VSB 

signals using Constant Modulus Algorithm to over-

come the drawback of the real-valued IIR equalizer. 

Theoretical analysis on the convergence of the pro-

posed complex algorithm is prohibitively difficult 

task due to recursive nature of IIR CMA, although 

simulation results suggest successful convergence. 

Hence, in this paper we present limited analysis on 

a feasible case, a simple one-tap IIR recursive-fil-

ter-only equalizer. For this simple case, we show 

that CMA complex IIR equalizer for VSB has a 

global local minima at the desired location, while 

another adaptive complex IIR equaizer, MOE com-

plex IIR equalizer, does not. 

In Section II we define the complex CM-IIR 

equalizer for VSB more rigorously with adaptation 

rule. In Section Ⅲ we present cost function analy-

sis on the complex CMA IIR and complex MOE 

IIR equalizers for VSB. Section Ⅳ presents simu-

lation results and Section Ⅴ conclude. 

Ⅱ. Complex IIR Equalizers for VSB

Let { }kv  denote a VSB signal sequence generated 

from an independent and identically distributed 

( i . i . d . )  M - l eve l  P AM sequence  { }ks ,  i . e . 

ˆkk kv s js= +  with the second moment 
2

2 km E s⎧ ⎫
⎨ ⎬
⎩ ⎭

=  

and the fourth moment 
4

4 km E s⎧ ⎫
⎨ ⎬
⎩ ⎭

= . The quadrature 

component ˆks  is given by Hilbert transformation 

filter h , [ ]ˆk k n
n

h n ss −= ∑  where [ ] 2 ( )h n nπ= /  for 

odd n  and [ ] 0h n =  for even n  [12]. Notice that 

there is a correlation between the real component 

and the imaginary component of a VSB sequence, 

{ } [ ]ˆlmE s h l ms = − ,  while the real components and 

imaginary components are white, { } ( )ˆ ˆm lE m ls s δ= − ,

Fig. 2. IIR equalizer for 8-VSB with a complex recursive 
filter 

from the fact that the magnitude response of 

Hilbert transformation in frequency domain is flat 

[12] and { } ( )m lE s s m lδ= − . Consequently, a VSB 

signal sequence is not white, although the original 

PAM sequence is white, 2 22 2 [ ]m lE v v m m h l m∗⎧ ⎫
⎨ ⎬
⎩ ⎭

= + − .  

Consider an IIR  equalizer system illustrated in 

Figure 2. Let kr  denote a received signal through a 

finite discrete time multipath channel model 

0 1 1[ ]
cNc c c −= , ,c L , i.e.

1

0

cN

k n k n
n

r c v
−

−
=

= .∑  

Let 0 1[ ]
fNf f −= , ,f L  and 0 1[ ]Ndd d −= ,d L  de-

note a complex-valued transversal filter and a com-

plex-valued recursive filter, respectively. The equal-

izer output, denoted by ky , is given by 

1 1

0 1

f dN N

k n k n n k n
n n

y f r d y
− −

− −
= =

= − .∑ ∑  To find the trans-

versal filter and recursive filter of the IIR equalizer 

minimizing MSE without help of training sequence, 

one uses a sub-optimal cost-function. One of such 

cost functions is minimum output energy (MOE) 

[6], which minimizes the output energy of the 

equalizer with a norm constraint on the feedforward 

equalizer 2 1|| || =f , 

( )2( ) ReMOE kJ E y⎧ ⎫⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭

, = ,f d           (1)

However, the MOE approach does not work for the 

complex IIR with VSB signals, since VSB signal is 

not white. As an illustrative example, consider a 

two-tap FIR channel [1 ]d, . The power of real compo-

nent of the filter output, 1k k ky v dv −= + , is given as 

( ) ( )22
2 2 2Re 2 [1]ImkE y m m d m h d⎧ ⎫⎪ ⎪

⎨ ⎬
⎪ ⎪⎩ ⎭

= + −  and minmized 

to 2 22 2 [1]m m h−  when d j= . Hence, we cannot 
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use MOE method, for VSB signals. Another ap-

proach is to minimize dispersion of the real compo-

nent 

( )( ){ }22( ) ReCM kJ E y γ, = − ,f d         (2)

where 
4

2

m
mγ =  called dispersion constant [12]. This 

cost function is known as Constant Modulus (CM) 

cost function, perhaps the most popular blind algo-

rithm for linear equalizers [12]. The cost function 

has the global minimum 
2
4
2
2

4
m

m
m− if and only if the 

received signal is perfectly recovered to original 

M -PAM signal (with delay ambiguity) in the ab-

sence of noise [12]. The stochastic update equation 

[13] for f  and d minimizing (13) are given by 

( 1) ( ) ( )
( 1) ( ) ( )

n n k

n n k

f k f k r e k
d k d k y e k

µ
µ

∗

∗

+ = + ,
+ = − ,

         (3)

where µ is a step-size, ( )nf k  and ( )nd k  denote 

the n -th element of f  and d , respectively, at the 

k -th iteration, ( )( ) ( )2( ) Re Rek ke k y yγ= − .  denotes 

the instaneous error at k  and ( )∗⋅  denotes 

conjugator. Notice that in the conventional IIR filter 

for VSB, d is real-valued and d  uses ( )Re ky  in-

stead of ky  as the input. In the next section, we 

attempt to provide limited theoretical analysis for a 

simple feasible case. 

Ⅲ. Complex CM IIR equalizer solution 

for One-Tap Recursive Filter Case

In this section we show that complex CM-IIR 

equalizer for VSB (13) converges to cancel post 

cursor term, i.e a global minimum at a desired lo-

cation, for a one-tap recurse filter in the absence of 

noise. We assume that carrier phase is perfectly re-

covered by a phase recover scheme such as [14], 

and the channel is given as [1 ]c= ,c for a complex 

number c  with 1c < (or assume that the feedfor-

ward filter removes post-cursor channel perfectly). 

Hence, we focus on the recursive filter only assum-

ing 1=f . 

Let d denote the coefficient of a one-tap com-

plex recursive filter, and θ the parameter error, 

c dθ = − . We further assume that 1d < . Then the 

equalizer output is 1
0
( )n

k k k n
n

y v d vθ
∞

− −
=

= + − ,∑

In the absence of noise, the zero forcing equal-

izer is given by 1=f  and c=d , i.e. 0θ = . In the 

following, we will show that the complex CM-IIR 

equalizer converges to the desired location 0θ = , 

equivalently, the CM cost function (2), has a global 

minimum at 0θ = . 

Writing θ  and d in the polar coordinate, 

dj je d reθφ φθ θ= , = ,  we have 

( ) 11
0

Re ( ) ( )ˆn
k nk k n k n n

n
y s r a s b sθ

∞

− −− −
=

= + − − ,∑  where 

we defined cos( )n da n θφ φ= + , sin( )n db n θφ φ= + .

For the simplicity of notation, let further denote 

11
0

( ) ( ) ( )ˆn
k nn k n n

n
f d r a s b s

∞

− −− −
=

= − −∑ .    (4) 

Then 

( ) { }

( ) { }

22 2 2

2 24 4 3 2 2

3 43 4

Re 2 ( ) ( ) ,

Re 4 ( ) 6 ( )

4 ( ) ( ) .

k k k

k k k k

k

E y E s E s f d E f d

E y E s E s f d E s f d

E s f d E f d

θ θ

θ θ

θ θ

⎧ ⎫⎪ ⎪ ⎧ ⎫ ⎧ ⎫
⎨ ⎬ ⎨ ⎬ ⎨ ⎬

⎩ ⎭ ⎩ ⎭⎪ ⎪⎩ ⎭

⎧ ⎫⎪ ⎪ ⎧ ⎫ ⎧ ⎫
⎨ ⎬ ⎨ ⎬ ⎨ ⎬

⎩ ⎭ ⎩ ⎭⎪ ⎪⎩ ⎭

⎧ ⎫ ⎧ ⎫
⎨ ⎬ ⎨ ⎬
⎩ ⎭ ⎩ ⎭

= + +

= + +

+ +

Finding a closed form expression of above ex-

pectation for high order ( )nf d  terms is a tedious 

task. ( )2Re kE y⎧ ⎫⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭

 can be given relatively easily 

( )2 2 2
0

2 22
2 2

0

Re ( ) [ 1]sin( )

( ) [ ]sin(( ) )

n
k d

n

n n m
d

n n m

E y m m r h n n

m r m r h m n m n

θθ φ φ

θ θ φ

∞
⎧ ⎫⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭

=

∞ ∞
+

= ≠

= + − + +

+ + − − −

∑

∑ ∑
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