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ABSTRACT

In this paper, we derive exact closed-form formulas, in terms of Meijer’s G-function, for the ergodic capacity
of space-time block codes (STBCs) from generalized linear complex orthogonal designs (GLCODs) and
generalized coordinate interleaved orthogonal designs (GCIODs) in quasi-static frequency-nonselective i.i.d.
Nakagami-m fading channels. The derived analytical results show an excellent agreement with Monte-Carlo
simulation results. Thus, a useful means for analyzing and predicting the ergodic capacity performance of STBCs
from GLCODs or GCIODs can be provided in various antenna configurations and different channel conditions
without extensive Monte-Carlo simulations. We present some numerical results to verify the accuracy of the

derived formulas.

. Introduction Among several types of space-time codes, space-

time block codes (STBCs) (especially, from com-

In multiple-input multiple-output (MIMO) wire- plex orthogonal designs (CODs) or generalized
less communication systems, spatial diversity em- linear complex orthogonal designs (GLCODs))
ploying space-time coding is considered as a pow- have been of special interest, since they transform

[11-[5]

erful tool for effectively combating fading the MIMO channel into a number of independent
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scalar channels and achieve diversity gain with

U More  re-

simple encoding and decoding
cently, Khan et al. and Yuen et al. have pro-
posed STBCs from generalized coordinate inter-
leaved orthogonal designs (GCIODs) Bl and
STBCs from ABBA-type quasi-orthogonal designs
with minimum decoding complexity (MDC-ABBA)
m, respectively, which can achieve full-diversity
full- rate transmission and single-symbol decoding
for the systems with more than two transmit an-
tennas and complex signal constellations.

When the channel is ergodic, ergodic capacity
is a typical measure of link performance -9,
Although some fundamental investigations were

[5], most recent research for STBCs from

made in
GCIODs has focused on the evaluation of error
rate (e.g., symbol-error rate (SER)), outage per-
formance (e.g., outage capacity and information
outage probability), and asymptotic/instantaneous

diversity orders ",

Therefore, in this paper,
our aim is to derive an exact closed-form formula
for the ergodic capacity of STBCs from GCIODs,
especially in quasi-static frequency-nonselective
ii.d. Nakagami-m fading channels. In particular, it
is well-known that the Nakagami distribution is
analytically tractable and provides a good fit for
measured data in various fading environments

[12]-[14] [15]’ where

. Thus, starting from the idea in
the authors presented closed-form expressions in
terms of Meijer’s G-function "7 for the ergo-
dic capacity of single-branch receivers, we first
derive a closed-form formula for the ergodic ca-
pacity of STBCs from GLCODs. Then, from the
fact that GCIODs consist of two component
GLCODs, an exact closed-form formula for the
ergodic capacity of STBCs from GCIODs is
derived. Furthermore, since the MDC-ABBA is al-
so constructed by two component GLCODs (but
with a different construction rule from GCIODs),
we present a closed-form expression for the ergo-
dic capacity of MDC-ABBA 18 The resultant
closed-form formulas allow us to accurately pre-
dict the ergodic capacity performance of STBCs
from GLCODs or GCIODs in various fading en-

vironments, while avoiding the needs for extensive

416

Monte-Carlo simulations and computationally com-

plex numerical integration methods.

Notation: The superscript (o )T denotes trans-
pose operation. E{ ¢ } is reserved for expectation
with respect to all the random variables within
the braces. ®{a} and J{a} denotes the real and
imaginary part of complex number «. {a), de-
notes @ mod A with the slight variation as
(K)p=K. We use [PI , for the Frobenius
norm. z ~ CN(m,,0?) stands for a circular sym-
metric complex Gaussian variable = with mean
m, and variance ai. 2z ~G(p,q) denotes the
Gamma distribution, where p and ¢ represent a
scale parameter and a shape parameter,

respectively.
II. System and Channel Models

For a MIMO system with /N, transmit and
Ny receive antennas, the 77X /N, transmission
codeword matrix can be represented by
S={s;1 <t< T,1 <1< N}, where the entry
s, is the symbol transmitted from the /* antenna

at time ¢. Then, the corresponding input-output

relationship within a codeword duration 7' can be

expressed as oz

R=HS" +V, 1)

where R={r;1<n<N,l<t< T} is the
Ny < T received signal matrix, H={h ;1 <n <
N1 <1< Ny} is the NyX N, MIMO channel
matrix, where the element %, is the channel path
gain between the [” transmit antenna and the n”
receive antenna, and V={v, ;1 <n < Nl <t <
T} is the receiver noise matrix of size NpXT

with elements modeled as i.i.d. complex circular
Gaussian  random  variables, each with a
CN(0,0?) distribution. We assume that 1) the
Nakagami-m fading channel is quasi-static within
a codeword interval and varies independently be-
tween codewords, 2) all the subchannels between
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transmit and receive antenna pairs are i.i.d., and
3) the receiver knows the perfect channel state in-
formation while the transmitter has no knowledge
of it. We further assume frequency-nonselective
Nakagami-m fading channels with a common fad-

ing parameter m and uniform average power gain

- o,
©2=1. Let the channel coefficients h,;_ 7, ",

where 6, denotes the phase uniformly distributed

nl
over [0,27) and 7, =Ih,| is a Nakagami dis-

tributed signal envelope, the probability density

function (pdf) of which is given by e

m o

e 2" U, @

,2m—1
Qm'"n

(g 2ym) =
f’?ui (77 nL) F(m)gm

where m > 0.5, I‘(m):/ t“le7ldt is the
0

complete Gamma function "%, and U(z) is the
unit step function. Then, wu,, =77, follows a
Gamma distribution denoted by u,; ~ G(p,q) with
the relation between the parameters (i.e., p and
q) and Nakagami parameters as p={2/m=1/m

and ¢=m, and its pdf is [14],

e P U). 3)

According to ', a GCIOD 8(s,,...,s;) (where
K is even) of size 7X N, and code rate

RC:K/T in variables s, i=1,..., K consists

]

of two GLCODs, O= (;,...,3K72) and

0= (smzﬂ,...,;]() of size 73X Np, 1,xXNg,
and code rates R, =K/2T,, R,=K/2T,, te-
spectively, where 77+ 7,=1T, NT, + N, =Ny,
and ;:43{52.}-%3{5““‘72»}, i=1,..,K are co-

ordinate interleaved variables of complex variables

s;. In particular, when O, = O,, it is referred to

13
as a (symmetric) CIOD PM'Y,

. Meijer's G-Function

The Meijer’s G-function is a generalization of

the generalized hypergeometric function, which
can be reduced to simpler special functions in
many common cases. The Meijer’s G-function can

be defined by the following contour integral rep-

. 16],(17
resentation """
G Zal,...,an,anﬂ,...,ap _ 1
P4 bl7 ) bm7 bm+1""7 bq ]27T

/ -, 0, —s) 7 I(1—a,+s)z* p @)
X S5
M/, T =0 +s) T, T (a; —5)

where z, {ay; a0, a,}, and {by, ... b,
b,, 1> ...7bq} are generally complex-valued.

In some special cases, the exponential and
logarithmic functions can be expressed by the

Meijer’s G-functions as follows [19H201

G&}O[zlb] =e b

(5)
a,a

a,a—1

eHE

=2"n(1+2).

d [21]
[15]

By using (5) an , we obtain the following

useful representation

/ a’ Mn(1+ba)e “da
0

w

- a—1 12

,/ a’  Gyy {ba
0

b ¢ c
= Gy {g

1,1
1 0] G[i‘{)[ca\O]da 6)

*a,lfa]
0,—a,—al’

We note that the Meijer’s G-function is im-
plemented in most of the well-known mathemat-
ical software packages, such as MATHEMATICA,
MAPLE, etc.

IV. Ergodic Capacity of STBCs in
Nakagami-m Fading Channels

In this section, we derive closed-form ex-
pressions for the ergodic capacity of STBCs from
GLCODs and GCIODs in the presence of qua-
si-static frequency-nonselective i.i.d. Nakagami-m

an

www.dbpia.co.kr



g2 A18}43] =54 *10-05 Vol. 35 No. 5

fading. In addition, we also derive a closed-form
ergodic capacity formula for ABBA/MDC-ABBA.

4.1 Ergodic Capacity Derivation of STBCs
from GLCODs

The decoupling property of the signals trans-

mitted from different antennas enables the STBCs

from GLCODs to transform a MIMO channel into

an equivalent Gaussian single-input single-output
(SISO) channel with a channel gain [HI? as
r=R '[Hls+v, where r is the N,x1 rte-
ceived signal vector after decoding from the re-
ceived matrix R, s is the VX1 transmitted sig-

nal vector, v is the /V,X<1 noise vector, R, de-

N,
notes the code rate, and [HI% = Zl_lz ® Ih P

n=1
Letting p=F,/0> denote the average SNR at the
receiver, where £, is the total transmitted power
on the NV, transmit antennas per symbol duration,
the ergodic capacity of STBCs from GLCODs in

bps/Hz is given by SLTLE

Carcon (N N, Rysp)

=E[R(,10g2(1+ 582

RN, } @
- /OmRClng(l“' Y c)fg(c)c

where §:||H|\2F~G(l/m,mNTNR). Thus, by
replacing the pdf of a Gamma random variable (
into (7) and using (6), the ergodic capacity of
STBCs from GLCODs in quasi-static fre-
quency-nonselective  ii.d. Nakagami-m fading
channels can be evaluated in closed-form as fol-

lows

CE:LC()D(N‘N R, p)

n NN p— lmm NiVg AaUIS

f— p C -
f 31032(1 + C) F(mNTNH) &«

NV,
B Rcmm ® '\, o (8)

© I(mN;N,)In2
et [—c v 0] G0 mclo)ac
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k,

~ I(mN;N,) In2
mRN.
< G,zgsl[ ' T

mR N, } m NV
p
—mNpNp, 1 =mN N,

0,— mNNp,—mN Ny |

Here, we note that (8) is valid for any real
valued Nakagami fading parameter m > 1/2.
When m is an integer, however, the numerical
evaluation of the Meijer’'s G-function, especially
for MATHEMATICA, fails. This problem can be
easily resolved by setting m to a real number
(but very close to the original integer). For exam-
ple, when m =1.001 is used (instead of m =1),
the corresponding Meijer’s G-function still pro-

vides a very accurate result.

4.2 Ergodic Capacity Derivation of STBCs
from GCIODs
The ergodic capacity of STBC from GCIOD

can be represented by the ergodic capacities of its

two component GLCODs as 1)

Cé(TIOD (NP N}gv }207 /))

1
= 7«{TJ Crcon (NT; Ny Ry, p)

];C(‘x COD (Njf JVH” RCQ’ p)}
—
—

_R[,
)

where

DI 2 ©)

Ry Ny,

1+

E|log,

plIH, P,

Hsz2
27, pllH, [
BN, T
27, plIHL |15
BN, T

+E 1+

log,

log,|1+

+E

)

|

1
IH =573 N h,, P NG(E’WNHNR R

n =1

log,|1+

B2 == = n

=Np+15n=1 nl

1
¥ ~G(E,mNT2NR .

Hence, letting ¢, =[H,% and & =|H,%, and
from the fact that £ and &, are independent of

each other, we have
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Cocrop Vg Ny, B, p)

oo}ZCI
= — log.
0 2 ?

20p |,
HRrTT,Tgl e (&)dg,

+ mR“l
[1702;2

2Tp
o RFNZTETQ)J‘& (62 )dfz

R mR. NT T mNyNg
T TN, Np)2n2 | 27p
[ chNT, T|— mNTle 1— mNTlNR
| 2T |0—mN, Npy—mN, Ny |
. i, s (0)
+ C c 2
F(7n,NT2NR) 2In2 2Tp
= Gl MEN, T | =mNy Np, 1=mNy V|
23 2Typ  |0,=mNy Np,—mN, Ny '

X Gy

In addition, the ergodic capacity of STBC from
CIOD (e, 7,=1T,=T/2, Ny =Ny, =N,/2,

and R, =R, =R, can be easily derived as

Ceron (NT7 Ny B, p)

mNNg
R, mRN,| 2
= r(mNTNR 12 [ 2p }
D) (11)
mN N, mN, Ny
G mf;@Nr 2 e |
7 o mNQTNR _ mNQTNR

Comparing (11) with (8), we find that
Ceton (N N B p) = Coreon (N1/ 2. N R,: p),
when the CIOD is composed of the GLCODs.
Furthermore, it is demonstrated in "® that the er-
godic capacity of ABBA/MDC-ABBA codes is
equivalent to that of their component GLCOD
(e Cippa(Np Np R p) = Cype - appa (Np N
Rﬂp) = C’GLCOD(NT/Z]VH7 Rc,p)). Therefore, we
obtain  Ciyppa (Npp Np R p) = Cype - apsa (Vp
N, R, p) = Corop(Np Ny, R, p), when they are
constructed by the same components GLCODs.
Furthermore, we note that as will be observed in
Sec. V, GCIODs can achieve larger portion of er-
godic capacity than GLCODs, which is caused by
the transmission code rate deficiency of GLCODs

for more than two transmit antennas.

GLCOD (N, Ny, R)) vs. GCIOD (N, N, R) with m=3.2727

I I I
O GLCOD (4, 1, 3/4): Simul.
O GLCOD (4, 4, 3/4): Simul.
> GLCOD (8, 1, 1/2): Simul.
< GLCOD (8, 4, 1/2): Simul.
A GCIOD (4, 1, 1): Simul.

¥V GCIOD (4, 4, 1): Simul. |

107 *  GCIOD (8, 1, 3/4): Simul. [ ~

X GCIOD (8, 4, 3/4): Simul.

Analytical Results
1

Capacity [bps/Hz]

|

|

|

|

|

|

|
10 15 20 25 30
SNR [dB]

Fig. 1. Ergodic capacity versus SNR p for GLCOD
(N Ny, R) and GCIOD (N, Ny, B) in a quasi-static
frequency-nonselective Nakagami-m fading channel with
m=3.2727.

V. Numerical Results

In this section, we provide numerical results
and some comparisons to examine the exactness
of the derivations given in the previous section
and to show the effects of antenna configuration
and Nakagami fading parameter m on the ergodic
capacity of STBCs. Hereafter, for comparison, we
consider the rate-3/4 and -1/2 GLCODs 214 and
the rate-1 and -3/4 GCIODs "' for N,=4 and 8.

In Fig. 1, we plot the ergodic capacity versus
the average SNR at the receiver for the STBCs
from GLCODs and GCIODs with (N,, Ny, R,)
over a quasi-static frequency-nonselective 1i.i.d.
Nakagami fading channel with m =3.2727.
From the relation between the Nakagami fading

parameter m and the Rician factor K as

Ky=Vm>—m/(m—Vm’ —m), m=32127 corre-
sponds to K, =05. As seen from the figure, the
analytically derived curves accurately match with
the exact (via Monte-Carlo simulation) ergodic ca-
pacities of STBCs from both GLCODs and
GCIODs in the channels under consideration. For
the same antenna configuration, the ergodic ca-

pacity of GLCODs is inferior to those of
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GCIODs, which is due to the code rate deficiency

of GLCODs. Additionally, we can also observe
that  Cyeop (8, Vp3/4,p) = Coroop (4 Np3/4,p),
which exemplifies that  Cgyop (Vp N, R, p) =
Carcon(Ny/2, Np. R, p), when the CIOD consists
of two component GLCODs with the same code-
word structure.

Fig. 2 and 3 illustrate the effects of antenna
configuration and Nakagami fading parameter m
on the ergodic capacity of STBCs from GCIODs.
As shown in Fig. 2, the ergodic capacity in-
creases as the Nakagami fading becomes less se-
vere (i.e., as the Nakagami fading parameter m
increases). However, the degree of this improve-
ment becomes reduced with the number of re-
ceive antennas. Furthermore, we can observe that
the improvement of ergodic capacity with the
number of antennas is much more dominant than
that with the Nakagami fading parameter m,
which can be interpreted by the high diversity
gain that is already achieved by STBCs from
GCIODs with multiple transmit and receive
antennas. This observation is more explicitly dem-
onstrated in Fig. 3, where we depict the ergodic
capacity curves of GCIOD (4,NR,1) for various

values of N, and m.

GCIOD (4, Ny, 1) with N=1,2, and 4

12 T T T T T
m=0.5 I I I I
— - m=1.0 | | | |
]0,***m=].8 _ L L L _
m=32727 | ! ! L
Z
—— m=5.7619| ‘ 4 s
| I I /////
8 ——— - e e il P A
N | | 4 7
z I I 2 /// |
& ! ! ! 2 Ng=4
2 Lo
z © I I 2 i
K] | A o |
2 | 2\ Z ¢ | N =2
3 | 7 | ®
4 - - - - S — e e
Z | I o
\////T | | NSl
~ i I I I
/\/// I I I I
2r 2 e I
== I I I I
I I I I I
I I I I I
0 1 1 1 1 1
0 5 10 15 20 25 30
SNR [dB]

Fig. 2. Ergodic capacity for GCIOD (4, V. 1) in quasi-
static frequency-nonselective Nakagami-m fading channels.
N, =1,2,4 and m=0.5,1, 1.8, 3.2727, 5.7619.

420

GCIOD (4, Ny, 1) with N=1-8 and m=0.5-10

A==

Capacity [bps/Hz]|

Fig. 3. Ergodic capacity for GCIOD (4, N, 1) in quasi-
static frequency-nonselective Nakagami-m fading channels.
Np=1—8 and m=0.5—10 at p=20dB.

VI. Conclusions

Exact closed-form ergodic capacity formulas
have been derived for STBCs from both GLCODs
and GCIODs in quasi-static frequency-nonselective
iid. Nakagami-m fading channels. We demon-
strated that when STBCs from CIODs, ABBA co-
des, and MDC-ABBA codes are constructed by
two component GLCODs with the same codeword
structure, their ergodic capacities are equivalent to
that of the component GLCOD. For the system
employing more than two transmit antennas, how-
ever, the codes provide a higher achievable ca-
pacity than GLCODs. In addition, we also pre-
sented some numerical results, showing the exact-
ness of the derived formulas for various antenna
configurations and channel conditions. Throughout
this paper, we have considered the ii.d. fading
channel model. In realistic wireless fading envi-
ronments, however, there exists spatial correlation
between the antenna elements, which significantly
affects the performance of a MIMO system. Thus,
our future research aims for assessing the effects
of spatial correlation on the performance measures
(e.g., ergodic capacity, error rates, etc.) of STBCs
from GCIODs.
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