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Analytical BER Expression of the Optimal Single User Detection
of a BPSK Signal in the Presence of a Gaussian CCI

Kyuhyuk Chung’o

Abstract

We derive an analytical expression for the bit-error rate (ber) of optimal single user detection (osud) of a

binary phase-shift keying (bpsk) signal corrupted by a gaussian cochannel interferer (cci). the channel capacity is

also calculated to investigate the ber performance.
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I. Introduction

The problem of detecting a binary phase-shift
keying (BPSK) signal corrupted by a single
cochannel interferer (SCI) and additive white
Gaussian noise (AWGN) has been investigated“'lo].
An optimal BPSK receiver is derived assuming
Rayleigh fading and no receiver knowledge of signal
parameters in [1]. A suboptimal BPSK receiver
structure is proposed for a non-faded channel™. The
optimum receiver is derived for a two-user
synchronous BPSK channel™. The bit-error rate
(BER) performance of the optimum receiver was
compared with that of the conventional matched-filter
receiver in [3] and the jointly optimal receiver (JOR)
in [4]. The exact probability of error of an SCI-JOR
was first obtained in [5] and [6]. An exact expression
for the BER of an individually optimal receiver
(IOR) used to detect a BPSK signal corrupted by a

similar SCI and AWGN was derived”. When a
BPSK signal corrupted by an SCI and AWGN is
detected, the IOR is the optimal multiuser detector'”".
The JOR is also analyzed in [8]. On the other hand,
the optimal single user detector (OSUD) in an SCI
and AWGN is investigated and the BER of the
OSUD is calculated in [10]. However, in [10], the
cochannel interferer (CCI) is assumed to be
non-fading. On the other hand, the non-fading
multiple CCIs are considered in [12].

In this paper, we propose the OSUD for a BPSK
signal detection in the presence of AWGN and a
Gaussian fading CCIL. In addition, we obtain the real
roots of the equation specifically, which is formed by
equating log-likelihood ratios (LLRs) with zero. The
channel capacity is also calculated to investigate the

BER performance.
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II. Signal Model and Gaussian CCI-OSUD
Derivation

We consider a Gaussian CCI model. Assume that

the baseband received signal is given by

r(t) = Aybyso (2) + A g1bysy (2) + n(t) (1)

where by, Ao, and so(f) are the information bit,
amplitude, and signal waveform of the desired user,
and b;, A;, and si(f) are the information bit,
amplitude, and signal waveform of the Gaussian
cochannel interferer, respectively. n(f) is an AWGN
noise with zero-mean and double-sided power
spectral density o> = N,/2, and the parameter g; is
an independent Gaussian random variable (RV)
representing the fading channel of the interfering user

with mean g4 and unit-variance. The cross correlation
T

is defined as p, = / s,(t)s, (t)dt, where T is the
0

symbol duration. Similar to [10], we assume zero
timing error, zero intersymbol interference (ISI) and
unit energy for signals. Then, the sampled output of
the receiver filter matched to so(f) is given by

1y =byAy + b A prg +ny =bydy +bLg +ny (2)

where L= A,p;, and no is the component of n(r)
along so(?), and no is also a Gaussian RV with zero
mean and variance U,Ql” =N,/2. We define the

parameter  as I=Lyy for a simple derivation. Then
the RV Lg; has mean [ and variance Lz, which could

simplify the derivation and the final expression.
Now, we consider the observation noise w, which is
defined as w=b|Lgi+n,. The observation noise w
consists of three RVs, ie., b, Lgi, and n,. The

probability density function (PDF) f, (b;) of the RV
b, is fbl(bl) =5(b1—1)/2+5(b1+1)/2, where
§(+) is the Dirac delta function. If the Gaussian
distribution N 252 (¥) with zero mean and variance

N20_2 ()C) =

02 is defined as
exp(—x* /(207)) /N 7(267), the PDF N, (1) of
the RV ny can be expressed as N, N, (o) =
N, (ng) = exp(=ng / No) /7Ny . The PDF of the
RV Lg;, also can be expressed as N, e (x—1)=
Nyp(x=D =exp(—(x—1)* / 21%)) /N =z(2L7) .
If binary bits are transmitted with equal probability
and independent of each other and also independent
of the RVs Lg; and no, then the PDF N (W) of the
RV w can be calculated as follows,

where * denotes the convolution operation. The
expression of the angular bracket in the first line of
(3) uses the fact that the PDF f;(z) of the RV Z of
the product of two independent RVs X and Y having
PDFs fx(x) and fy(y) respectively is given by
f2@)= [ fx@fy(z/x)/|x|dr  The right hand side of
the first line of (3) uses the fact that the PDF of the
sum of two or more independent RVs is the
convolution of their individual PDFs, because the
RV no is independent of b; and Lg;. The rest lines
of (3) are algebraic derivations.

The optimum decision for the desired user’s

2

Sy = | {15(x—1)+%5(x+1)}/\/’u2 (;”—l)idx}/v%(w)

1

—0

2

1 Tl 1
- [55(x—1)N2L2(?—I)Hdﬁ7£55(x+1)N2L2(_—W1—1)‘_—1

N, (w=1) j %5@ ~Ddx+ N2 (~w=1) j %5(x+ 1)54 * Ny, (w)

dx}*/\/,vo(w)

3

:1[/\/2Lz(w71)+/\/m (w+D)]* Ny, (W)

1
= E[NNMLZ W=D+ Ny ,pw+D) ]
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information bit can be obtained from the following
hypothesis testing problem,

Hy:rg =4y +w, Hy:np=—4y+w. @

Using LLRs, the binary decision is given by

fRO(olHl)j

by = sgn(A(ry)) =Sgn(1 fRo( o | Ho)

where the LLR A(7) is defined as Ary) =

10g<f130 (ro [ Hy)/ Ir, (r |Ho)) and sgn(e) denotes
signum function. Substituting (3) in (5) and after
some algebraic manipulation, the OSUD in the
presence of AWGN and a Gaussian SCI is given by

It is easy to show that the Gaussian SCI-OSUD of
(6) simplifies to the non-fading SCI-OSUD in [10]
for Np instead of (Vg + 2I? ), when the variance L’
of the RV Lg, is zero.

. BER Derivation and Channel Capacity
Calculation

In order to evaluate the BER, we need to find the
intervals forA(r;) > 0 or A(ry) < 0. Based on the
following five facts, we find the intervals. First,

observing the last line of (6), we can know

lim A(ry) = lim A(ro) =

TOHOO

% Third, A(ry) = —A(—

©°, Second, s1m11ar1y

7’0). Fourth, the equation

A(TO) = 0 has an exact root 7 = 0. Fifth, in order
to find the rest roots, we observe that the numerator
and the denominator of the argument of the
logarithm in A(T’O) are the sums of the bell shaped
curves, respectively. It is very difficult to obtain the
exact real roots except a real root 7y = 0, Therefore,
we use the Jacobian logarithm to obtain the

approximate real roots as follows,

log(e® + ¢¥) = max(z,y) + log(l + e - I‘)

@)
~ max(z, y).
Then A(To) = 0 can be written as
A Jo, (ry | Hy)
b, = sgn(A(ry)) = sgn logM = sgn|log———>~ h(ty = 4)
0 0
fR‘,(ro | H,) fw (o + 4)
1
2{N1\+2L2(07A071)+N +2L2 A0+[]
= sgn| |
[ w2y Ay = D+ Ny n(ny + Ay + 1)
—( =4 — 1y —(— A1»+[ —(=2r Ay 25 [+24,1) —(=2n Ay 27 [ —24,T)
. Ny+2I +e M +277 : e Ny+2I +e Ny+21
TSMIOBT T eaerr | S OB e i 2A D) —(2nd, r2nlr2A])
e N, +2I7 +e N, +2I7 e Ny+2I +e Ny+20
—(=2n I +241) —(2n [ 24,1
_ 44, . 1 e Ny+282 +e No+2l ©)
oo N, +2I* K (2! —2A1) —(2nl +241)
0 e Ny+2I +e N, +2I
21
4AG 1\“+2L(”+4ﬂ) , 1\ +2L2(U+A0)
=sgn| —— —1 — log v Y
N0+2L N+2L2(” 40) N+2L(U Ao)
e 0
cosh L(ro + Ao)
44, N, + 20
= sgn|———— 17 — log .
N, + 2L
o+ COShKQIQ(’bAo)}
Ny +2L
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Solving (10), we find the three real roots as —1,0,
and J. In addition, the slope of the function A(To Jean
be obtained by calculating dA(rO) / dro as follows,

Then dA(0) / dryis given by

Therefore, based on the above five facts, if
dA(0) / dry > 0, it is impossible for A(7y) = 0 to
have the three roots and in turn A(To) = 0 has the
only one root 7y = 0, except that A(Tg) has x axis as
a tangent, in which case there is no effect to the
intervals. Similarly, if dA(0) / dry <0, A(ry) =0
has the three roots —I,0, and I. Then, the decision
intervals for A7) > 0 and dA(0) / dry <0 are
given by

For dA(0) / dry > 0, the BER 1}, is calculated as

follows,

where Q@) = [/ 2m)exp(~* /2)dt o

dA(0) / dry <0, the BER is

fs calculated as

follows,

In addition, we calculate the channel capacity,
which is the tightest upper bound on the rate of
information that can be reliably transmitted over a
given channel, so that it is helpful to compare a BER
with its channel capacity. We consider the channel of
(4) with possible inputs Ay or —4Ay. The capacity of
this channel in bit/channel use is given by [11]
where by using (3) and (4), fRn (ry | Hy) = fyy (ry — 4)
and fRU ([ Ho) = fw(ry + 4) . Then the capacity of

I <5 a1 the channel is computed by (14).
-1 < < 0
21 o
14, em(%“’o) e THLQ( 0t 4)
N +'2L2 1 = log 21 21
0 eNU+2LQ<Tn—A0) +6_m(TO_AO) (8)
o 21 (n, + 4) _2[(r0 + 4) — 2I(r, — 4)) _2[(1”0 - 4)
N, + 217 N, + 2} N, +2> N, +2I
dA(ry) 44, 21 1 21
= — nh{—(r, + — tanh{——— (71, — . 9
dy N, +2I N, + 21 N, + 2L2< b+ ) N, + 2L2< o =) ®
4A(0) = 1 ~1A4, — Itanh ﬂ . (10)
dry Ny +2I N,y +2I7
1 —1 1 + I
%:—QA°—2+—QAO—2, (12)
2 (YN, /2+2) 2 (YN, /2+ D
1 + 21 1 —2I
B ~qQ ¢ +=Q AO— +-Q AO—
IN 24+ ) 2 (YN, /2+12) 2 YN, /24P 13
RN B R N R
2 (YN, /2+ ) 2 (N, /2+ 2
1 poo “A(r 1 po T
c= 1—§fmfR0(r0 | Hy)log, (1+ @ )dr, —5ffoofRU(r0 | Hy)log, (1+ ¢ Jdr,  (14)
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IV. Results

Fig. 1 shows analytical BERs, simulations, and
channel
CCI-OSUD. We define the signal-to-noise ratio
(SNR) as B, / N, £ A2/ N,. The upper bound,

which is the hard decision for the direct outputs of

capacity of the proposed Gaussian

the matched filter without the proposed Gaussian
CCI-OSUD, is also shown. When there is no
interferer, the BER is a lower bound. The analytical
BER coincides with the simulation. This validates
Usually, the BER s

non-increasing and the capacity is non-decreasing as

our approximation.

the SNR increases. However, with a CCI, generally
these are not true. This phenomenon is explained
clearly in [12]. After fluctuations due to the Gaussian
CCI, the Gaussian CCI-OSUD BER performance
approaches that of the matched filter. The channel
capacity is also in good agreement with the Gaussian
CCI-OSUD BER, i.e., the higher the capacity is, the
lower the BER is and vice versa.

In Fig. 2, we plot analytical BER curves as the
variance L* of the RV Lgiapproaches zero with the
fixed I, which means that the fading channel
becomes non-fading, because generally a variance of
zero for a RV indicates that all the values for the RV
are identical to the mean of the RV. As it is
predicted in (6), the Gaussian SCI-OSUD simplifies
to the non-fading SCI-OSUD in [10] for Ny instead

BER

Lower bound (No Interferer)
—— Channel Capacity

5 10
E/N, (dB)

Fig. 1. The left axis is the BER and the right ax1s is the
capacity (in bit/channel use) for 7=5.0 and ’=3.0 with
No=2.0.

g eeg

e

~ELE~E|{E, E'—BE,
A

.
ﬂ\s 7 \

g

a 1%3,1,02
10 \SCS\% D/Z/ %Y

BER

|7ﬁ

N\,

/

10*

Lower bound (No Interferer)
—5- Analytic BER
10° I I I I
-10 5 [} 5 10 15 20 25
E,N, (dB)

Fig. 2. Analytical BER curves for 1’=3,1,02 with the
fixed I=5 and Ny=2.0.

of (N, +2I7),

Fig. 3 shows analytical BER curves as I becomes
larger with the fixed L2, which means that the
dominant term of the Gaussian CCI becomes stronger
relatively. The BER curves shift right, while in the
low SNR region, the BER of the Gaussian CCI with
the stronger dominant term becomes a little better
than that with the weaker. This shows that transiently
the Gaussian CCI can interfere constructively as well

as destructively.

it | e
Lower bound (No Interferer)
. —&- Analytic BER
. . . .

10
-10 5 [} 5 10 15 20 25

E,IN, (dB)

Flg 3. Analytical BER curves for [=9,7,5 with the fixed
I’=3 and N¢=2.0

V.Conclusion

We derived an analytical expression for the BER
of the Gaussian CCI-OSUD. The effect of a
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Gaussian CCI on the BER was analyzed. To
investigate the BER performance, the channel
capacity was also calculated. The capacity, the
analytical result, and the simulation are in good
agreement.
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