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ABSTRACT

Recently, the authors of this letter introduced a
novel channel, namely additive correlated Gaussian
noise (ACGN) channel, in non-orthogonal multiple
access (NOMA) with correlated information sources
(CIS), and derived the achievable rate of such
channels. However, the rigorous proof for the
achievability is still missing. Therefore, in this letter,
we prove the random channel coding theorem for the

channel capacity of an ACGN channel.
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I. Introduction

In non-orthogonal multiple access (NOMA),
information sources are usually assumed to be
independent, i.e., independent information sources
(IIS)"®.  Sometimes, however, the common
information needs to be transmitted. For example,
many mobile game users are enjoying together the
mobile interactive game, in the same cell of 5G
networks, where some users are near the base station
and the others are far from the base station. Then
the most of data is common to the users. Such data
can be modeled as correlated information sources
(CIS). Recently, the authors of this letter derived the
achievable data rate for CIS"). However, the
rigorous proof for the achievability is still missing.
Therefore, in this letter, we prove the random

channel coding theorem for achievable data rate of

an ACGN channel.
Notation: The superscript X stands for the

complex conjugate. E[] denotes the expectation.
CN(p,0%)

circularly-symmetric complex Gaussian (CSCG)

represents  the  distribution  of

random variable (RV) with mean M and variance

ol

II. System and Channel Model

In a downlink NOMA system, all users are
assumed to be experiencing block fading, in a
narrow band. A base station and M users are
within the cell. The complex channel coefficient

between the mth user and the base station is denoted

by /. The channels are sorted as |hl| o2 |hM|.

The base station transmits the superimposed signal

M .
X =201\ BuPiSy , where Sp is the message

for the mth user, B, is the power allocation
coefficient for CIS (we use @&y for IIS), with

%:15,” =1, and P is the total allocated power.
The power of the message Sm for the mth user is

normalized as  unit power, denoted by

=Ejs,,

2
:1, Vm, 1<m<M

P =Bl 5,59,
The correlation coefficient between the ith user and
the jth user is denoted by pi,j:E[SiS;], with
Re{p;;}€0.1) i j i=j, 1<i,j <M. Due to
the correlation, the power of the superimposed
signal x is larger than P,. Thus, given the
constant total transmitted power P at the base

station, Py is effectively scaled down

Zipt.f\/ﬁi

i=1 j=1

P, =P. 6))

~

The observation at the mth user is given by

Y =h,x+n,, (@)
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where "m is the additive white Gaussian noise

(AWGN) at the mth user, n,, ~CN(0,57).
II. Brief Review of Achievable Data Rate
for NOMA with 1IS and CIS

In this section, we present the achievable rates for
the real channels, which is decomposed from the
complex channel. Consider 2-user NOMA. The
well-known achievable data rate for IIS of the mth
user in the conventional SIC NOMA system is

expressed by

|h1| Pa, +0°

(SIC ms) _
R o2
/2

2
3)

R(SIC ns) 110 |h2|2P+52/2

o) Py +02 2]

Then, the achievable data rate for CIS of the mth
user in the conventional SIC NOMA system is

expressed by [7]

] \hl\zPAﬁl(lf‘pLz‘z)Jraz/2
& /2 ’

sic;esy _ 1
Rl,r - E

| P+o? /2
I, P, (1—\pm\2)+02/2

“

: 1
R0 Lo,

IV. Proof for Achievability of RS .

For the stronger channel gain user, after SIC, the
channel reduces simply to an AWGN channel. Thus,

RSIC:CIS) .
1 can be proved by the conventional

random channel coding theorem in [8]. However,
for the weaker channel gain user, we encounter a
novel channel, i.e., additive correlated Gaussian
noise (ACGN) channel. Even though the achievable
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rate for such channels was derived in [7], the
rigorous proof for the achievability is still missing.
Thus, in this letter, we prove the achievability of
R;SIC;CIS).

We will use the same ideas as in the proof of the

Bl in the case of

random channel coding theorem
AWGN channels, namely, random codes and joint
typicality decoding. However, we must make some
modifications to take into account CIS and ACGN;
Specifically, for CIS, the random codes are
generated according to a jointly Gaussian
distribution with the same correlation coefficient as
CIS. And we decode the codewords with respect to
ACGN, not AWGN. In this case, the noise variance
is obtained by the conditional variance.

1. Generation of the codebook: We generate a
codebook in which all the codewords satisfy the
power constraint. To ensure this, we generate the
codewords with each element i.i.d. according to a
jointly Gaussian distribution with the constant total
transmitted power P—¢, and the correlation
coefficient P12, Let X" (Wsz)E R"  be

codewords, i.e.,

X (wl,wz)
(o)) O

(xl W1»W2 (Wl’w2)7""xn

nR

where 1< w; <2 =1,2, with some rates &

and Ry .

2. Encoding: After the generation of the
codebook, the codebook is revealed to both the base
station and the receiver of the weaker channel gain
user. To send the message index (Wsz) , the base
(w,w, ) th

station sends the codeword

x" (Wlswz) €R" in the codebook.
3. Decoding: The receiver of the weaker channel

gain user looks down the list of codewords

n
{x (*’ W2)} , where * denotes an arbitrary index of

the stronger channel gain user, and searches for one

n
that is jointly typical with the received vector 2 .
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Fig. 1. Achievable rate regions of conventional SIC
NOMA for 1IS and CIS  with pip=0,0.3,0.67,0.9,

(P/o?=50, hl‘:ﬁ, |m| =01 and pr=2).

If there is one and only one such codeword, the
receiver declares it to be the transmitted codeword.
Otherwise the receiver declares an error. The
receiver also declares an error if the chosen
codeword does not satisfy the power constraint.

4. Probability of error: Without loss of

generality, assume that codeword x" (1,1) was sent.
Thus

¥y =hyx" (1,1)+nb. (6)

Define the following events:

E, = {Z X (L) > nP} @
i=1

and

E ;= {(x” (l,j),yg)is in the jointly typical set}. 8)

Then an error occurs if £y occurs (the power

constraint is violated) or E}) occurs (the
transmitted codeword and the received
sequence are not jointly typical) or

E,UE ;U--UE ,m 9)

occurs (some wrong codeword is jointly typical with

the received sequence). Let £ denote the event

(sz) = (lswz) . Hence

P(&)=P(EyUE, UE,, UE ;U -UE, . )
< P(Ey)+P(Ef))+P(Ey UB U UE, u)

2"k
< P(E)+P(E)+ Y P(E,),
=2

10)

by the union of events bound for probabilities. By
the law of large numbers, P(Eo) —0as n—00.
Now, by the joint asymptotic equipartition property

(AEP), P (Ef,l)—>0, and hence

P(Ef,)<e forn sufficiently large. (1)

Since by the code generation process, x (171) and
x" (1’j) are independent, so are Y3 and X" (1’j>.

Hence, the probability that x" (l,j ) and y; will be

(RS _35)

jointly typical is <2 by the joint AEP.

Hence

P(&)<ete+(2" —1) 5 (R =3¢)
<ete+ 23"82*"(1355‘“(3'5’—162) (12)
<3¢

for n sufficiently large and R, < R;S:C;CIS) —3e.

This proves the existence of a good code. Q.E.D.
V. Results and Discussions

Even though in the previous section, we proved
the achievable rates for the real channels, which is
decomposed from the complex channel, in this
section, we depict the achievable rates for the
complex channels, which is calculated from the
achievable rates for the real channels by the
following relationship
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sic;cis) [ P sic;cis)| P
RS )[—2]=2R§,r >[—2 ] (13)
o o /2

We investigate the two-user NOMA scenario,
M=2. The

signal-to-noise power ratio (SNR) is P/g? =50,

constant total transmitted

and the channel gains Vﬁ‘ and ‘hz‘ are assumed to

be ~2 and 0.1, respectively. In Fig. 1, for the

various values of the correlation coefficient,

Plz,z =0,0.3,0.67,and 0.9, the achievable rate
regions are depicted. As shown in Fig. 1, the
achievable rate region of SIC NOMA with CIS is no
larger than that of SIC NOMA with IIS. Especially,

. SIC; CIS) .
the maximum rate of Rl( ) is less than that of

RI(SIC;HS). Specifically, when @ =1 and B, =1, we

have

‘hl‘z P+o’

2
o

RI(SIC;IIS) =log,

>

(14)

y I Pli=|mf )+
Rl(SIC,CIS) — 10g2 )

2
o

Therefore, we can have RI(SIC;CIS) <R1(SIC;HS)

2
with ‘Pl,z‘ =0,
In addition, we comment on the case for the
number of users more than two; Based on the results

of the two-user case, for the strongest channel gain

user, we have
RI(SIC;CIS) < RI(SIC; 1is). (15)

It should be noted that for the weakest channel

gain user, we have
RA(;IC; cis) R}(\;lc; ns) (16)

VI. Conclusion

In this letter, we proved the random channel

56

coding theorem for the channel capacity of ACGN
channel. Even though we followed the same ideas as
in the proof of the random channel coding theorem
in the case of AWGN channels, we made some
modifications to take into account CIS and ACGN,
which are our main contributions, specifically
random codes generated according to a jointly
Gaussian distribution.

References

[1] Y. Saito, Y. Kishiyama, A. Benjebbour, T.
Nakamura, A. Li, and K. Higuchi, “Non-
orthogonal multiple access (NOMA) for
cellular future radio access,” in Proc. IEEE
77th VIC Spring, pp. 1-5, 2013.

[2] Z. Ding, P. Fan, and H. V. Poor, “Impact of
user pairing on 5G nonorthogonal multiple-
access downlink transmissions,” [EEE Trans.
Veh. Technol., vol. 65, no. 8, pp. 6010-6023,
Aug. 2016.

[3] S. R. Islam, J. M. Kim, and K. S. Kwak, “On
non-orthogonal multiple access (NOMA) in
5G systems,” J. KICS, vol. 40, no. 12, pp.
2549-2558, Dec. 2015.

[4] M. B. Uddin, M. F. Kader, A. Islam, and S.
Y. Shin, “Power optimization of NOMA for
multi-cell networks,” J. KICS, vol. 43, no. 7,
pp. 1182-1190, Jul. 2018.

[51 H. Lim, M. Lee, and J. Lim, “An application
of NOMA for CRDSA performance
improvement in random access satellite
networks,” J. KICS, vol. 44, no. 6, pp. 1064-
1071, Jun. 2019.

[6] J. O. Kim, D. K. Hendraningrat, and S. Y.
Shin, “A study of NOMA-SSK for solving
similar channel gain problem of NOMA
users,” J. KICS, vol. 45, no. 3, pp. 474-481,
Mar. 2020.

[71 K. Chung, “NOMA for correlated information
sources in 5G systems,” IEEE Commun. Lett.,
Sep. 2020. (Early Access) DOI: https://doi.
org/10.1109/LCOMM.2020.3027726

[8] T. Cover and J. Thomas, Elements of
Information Theory, New York: Wiley, 2004.

www.dbpia.co.kr



	A Proof of Random Channel Coding Theorem for Channel Capacity of Additive Correlated Gaussian Noise Channels
	ABSTRACT
	Ⅰ. Introduction
	Ⅱ. System and Channel Model
	Ⅲ. Brief Review of Achievable Data Rate for NOMA with IIS and CIS
	Ⅳ. Proof for Achievability of R₂(SIC; CIS).
	Ⅴ. Results and Discussions
	Ⅵ. Conclusion
	References


